SOME ASPECTS OF THE FOUR COLOR PROBLEM

A thesis presented
by
Walter Rees Stromquist
to
The Dgpartment of Mathematics
in pa;tial fulfillment of the requirements
for the degree of
Doctor of Philosophy
in the subject of
Mathematics
Harvard University

Cambridge, Massachusetts

May, 1975




Contents

Introduction ) iv

Bibliography ix
Chapter I, Preliminaries 1
Chapter II, Theorems on D-Irreducibility ' 20
Chapter III, Qther Forms of Reducibility ‘ _ 4]
Chapter IV, Reducibility and Vglue : 64
Appendix, The Four—-Color Theorem for Small ﬁaps 100

' The highest page numbers ére_g and lgé,' Figures are numbered
consecutively throughout the chapters, but begin again with figure

1 in the appendix. The list of references on the last page refers only
to the aﬁpendix.

The author consents to any reasonablé use of this writing,

including feproduction, distribution, and quotation in any length if

proper citation is nmade. hﬁﬁﬁf;bwn{ﬁp'



INTRODUCTION

This thesils treats various aspects of the classical approach to
the four-color problem, in which the gdal is to prove that every map
contains a reducible'configufaﬁion. In this introduction, I will
attémpt to describe the relationship between my,resulfs and other
current research in the same area.

In the last'fouf years there has beeﬁ a sudden increése in
activify in the area of reducible configurations, spérked by the
appearance of books by Ore [13, 1967] and Heesch [9, 1969] and by
Shimamoto's false proof of four-color conjecture [7, 1971]. (Numbers
refer to ﬁhe hibliography which follows this introduction.) The
results in this thesis were derived between June, 1971 and October,
1974. in a few cases, these results have now been overtaken by othei
research; in revisions, I have tried to reflect the new mathematies
and new terminology only when it contfibutés directly to the ideas
presented here.

This thesis contains new results iﬁ three areas. Reducible
‘configurations — or, more precisely, irreducible configurations -
are studied in Chapters I through III. Chapter IV presents a neﬁ_
existence theorem. In the appendix, a new lower bound is established

rfor the size of any five-color map.

The first chapter contains_preliminaries. Almost none of this
mateirial is new. It is included beéause it is hard to find in the
literature, although meny of the ideas can ndﬁ be found in §apers by

Whitney and Tutte [17], Frank Bernhart {5], and E. R. Swart [16].



The key ideas in chapter I are "open sets" and "gplicing." The

idea of open sets has eiisted at least since G, D. Birkhoff's article
[6, 1913], but the term was invented by Whitney and Tutte. The
definition presented here, using'“stand—ins," is my own. The
"splicing" concept is élso my own, but it has been simultaneously
discovered by almost every other researcher in the field.

‘Before 1971, the only way to show that a configuration was not
reducible was to analyze all of the potential proofs of reducibility,
an impossible process for any but the smallest configurationms. In
1971 the debunking of Shimamoto's "proof" [Whitney and Tutte, 171

required proving a certain form of irreducibility for a certain very

large configuration (Chapter I of this thesis, figure 21). Since then,

a body of irreducibility theorems has developed, discovered indepen-
dently by enough researchers that they deserve to be calied "folk |
theorens." Fﬁr example, the proof of the "replacement theorem”" is
already implicit in Shimamoto's work; so that nobody writing later
should claim priority.

My own version of these theorems, a2ll of which are in the
limited context of D-reducibility, are presented in Chapter II. The
presentation in terms of "interior images" and the "replacement
construction” is my own.

Chapter III develops the irreducibility theorems more fully by
generalizing them to other forms of reducibility. These results
are entirely my own. The useful rhetoric of "AB-diagrams’ and

"reducers" comes to me from Frank Bernhart.




Although the irreducibility theorems are interesting in themselves,

their main value is to shed light on the question of whith configurations
are reducible., In this connectfﬂn, the exhaustive éémputer'analysis of
10-ring configurations by Frank Allaire and E. R. Swart [1l], which has
become known only in the last six months, is especially interesting.
Among the configurations they have studied which are not covered by
tﬁe irreducibility theorems, virtually all are reducible. This is true
whether the concept used is D-reducibility or the broader l-reducibility.
In other words, the theorems of Chapters II and IIT represent a nearly
complete answer to the question of which configurations are reducible.
Allaire and Swart's analysis is summarized at the end of Chapter III,
Among the terms which I -would change if I weré starting again are
the names of the reducibility concepts. These were selected to be
consistent with Heesch [9], but they afe now outmoded. The best

synonyn for "D-reducible" is probably "colourable," suggested by
Allaire and Swart.

In Chapter IV the emphasis is shifted to the other side of the
problemf Suﬁpose we know exactly which configurations are reducible.
How can we prove that every map contains one of them? In Chapter IV
a class of configurations is defined which, based on the results of
Chapters II and III, is an approximation to the class of reducible
configurations. It is then proved, in Theorem 7 (which is the most

important, as well as the most difficult result of the thesis) that

every map contains a member of the new class.
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This much of the idea of Chapter IV came to me through inspiring
conversations withWolfgang Haken, .who, with Appel [2], was already
following the same program. Beyond this point the development is my owm.

The proof of Theorem 7 is extremely complicated, but it can
become more manageable on the first reading if the reader is willing
to make some simplifying assumptions, Specifically, he can assume that
in the map under discussion, every vertex has valence 5, 6, or 7, and
every third neighborhood is "orderlj.“ One pleasant consequence is
that "standard neighborhood" (as defined in the proof) means the Same
as "third neighborhood."

1 believe the most important goal for further research in the
four-color problem is to improve Theorem 7, by provipg it for a more
tightly drawn class of configurations providing a closer approkimation
to the class of reducible configurations. TIn this way, the entire
problem could be reduced to verifying, say by computer, the reduction
of a great many configurations which we would have every reason to
believe could be reduced.

The appendix, entirely independent of the rest of the thesig, is

a paper scheduled for publication in the Journal of Combinatorial Theory,

Series B. It proves, by methods slightly resembling those of Chapter IV,
that every map of fewer than 52 vertices may be four-colored. This
result fmproves a recent theorem of the same kind of Jean Mayer [12] and a
published result of Ore and §temp1e [14].

| I wish to thank.Andrew-Gleasan, Wolfgang Haken, and Frank Bernhart

for their careful reading and page-by-page critiques of earlier drafts
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Combinaterial Theory for their advice regarding the appendix, I am

also grateful to Judi Black, Janet Scruggs, and Martin Jacobs for typing

drafts of wvarious chapters, and to Deb¥ah Johmson for typing the final

copy.
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I. PRELIMINARTES

This chapter begins with our notions of maps, configurgtions,
and colorings, and how to describe and constrﬁct them., The notion
of reducibility is then introduced with an example, and we formalize
the special property of D-reducibility. A key concept in this de-
finition is the "open set" of colorings, and we finish the chapter with
some fundamental lemmas.on the construction of open sets.

All of our coloring problems will be in the dual form; that is,
we will be coloring vertices. All of our graphs are assumed to be
imbedded in a plane. We will use the standard definitions of adjacency,
valence, face, subgraph, connectedness, clrcuit, and minimal circuit.
(A minimal circuit, or ring, is-a full subgraéh which is a circuit.
That is, no edges join the vertices of a ring excepf those which are

necessary to make it a circuit.)

A map is a triangulation, a graph-whose faces are all triangles.

A configuration is a map, except that one face is not a triangle. The

exceptional face is normally the outside face, and its boundary is

called the boundary of the configuration. (Note that with this

definition, a lone triangle is not a configuration.)

Ve wili occasionally draw configurations in the éame way as we
have defined them, for example, as in figure 1. But usually, it will
be egsier to répresent tﬁe same configuration bﬁ a "stick figure," as

in figure 2. Here, only interior vertices are éhown, and their valences

are given. We use this notation only if the boundary may be recon-

structed from these valences, so that figure 2 contains the same




information as figure 1. Sometimes we will use a hybrid notation, as
in figure 3.
Note: This particular configuration will reappear many times.

It is called the 5-5-5 Triad, or just the Triad.

: Py
5 e— 5 5'—-::>5

N N
Figui;e 1 Figure 2 ' Figure 3

A proper configuration_is one whose boundary is a minimal

circuit. Examples of improper configurations are shewn in figure 4.

Note that we cannot represent these by stick figﬁres.

| /AN
S _

Figure 4. Improper Configurations

The first neighborhood of a vertex in a graph is the subgraph

consisting of the vertex and all of its neighbors (and the edges which

join them). The second neighborhood is formed similarly from the
first neighborhood and the neighbors of its vertices. The third
neighborhoéd, etc., are defined similarlj.. |

A function from the vertices and edges of ome graph_to those

of another is a local isomorphism if, when restricted to the first

neighborhood of any vertex, it is an isomorphism. A local isomorphism



from a configuration to a map is a proper imbedding if it is actually

an isomorphism and its image is a full subgraph; thaf is, no edges

join the vertices of the image unless the edges are also in the image.
The local isomorphism is an imﬁedding if‘its restriction to the interior
of the configuration is a proper imbedding. We say that a configuration

appears (properly) in a map if it may be imbedded (properly) in the

map, and then we often identify the configuration with its image.

(Our definition of "imbedding" is somewhat nonstandard, in that
we delibefately include situations of the type suggested by figure 5.
An imbedding may map more than one boundary vertex onto the same image,

if in all other respects it is a bijection on the vertices.)

fVAVAY XX

A f(A)

Figure 5
When a configuration A appears in a map M, there is another

configuration with the same boundary, called the complementary

configuration. The complement is proper if and only if A is properly
imbeddéd in M.

Extengions. Civen an abstract configuration, we may construct
a new oné by extension. It is necessary to designate a boundary

vertex v, and an integer n>0 called the order of the extension.




We simply add n new boundary vertices in the simplest way which con~
verts v into an interior vertex. This process is illustrated in
figure 6. An extension of order n_is called an n-extension.

In the stick figures, an extension consists of adding a new
interior vertex of valence k, and commecting it to % consecutive
vertiées.cn the edge of the figure, in a manner consistent with the
valences already shown. The order of the extension is n = k-f-2 .
This picture is so convenient that we will often describe an extension
as "adding a vertex" of a given valence to a configuration, although
what we are really doing is enclosing a vertex which was previously
on the boundary of the configuration.

We will also use some terminology introduced by Haken aﬁd
Heesch. An m-legger is an interior vertex in contact with exactly
m boundary vertices. Thus, an n-extension "adds" an m-legger with
m=u+t+2. |

Stick figures give rise to a common shorthand by which some
configurations can be described by listing fhe valences of their
interior vertices. TFor example, "5:6755" deseribes a 5-vertex, four
of whose neighbors have valences 6; 7, 5, 5 in order. Note that
this representation 4s rarely unique; thus 5:565 and 6:555 are

identical. See figure 7.
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Figure 6. Extensions
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Articulation Points. An articulation point in a configuration A

is an interior vertex whose removal disconnects the interior into two
or more components. From each such component we may construct a new
configuration inciuding the compﬁnent and the verticgs of A adjacent
to it. The new configuration is called a wing of A, This process is
easiest to understand in terms of stick figures, since it amounts to

just erasing the articulation point (figure 8).
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- | Figure 8. A configuration and its wings

An articulation may be classified as twofold, threefold, etc.,
according to the number of wings. It may also be called an m~legger.

For example, figure 8 illustrates a "threefold 3-legger articulation

point."




A coloring of a graph is a partitiéﬁ of its vertices into four
parts, or colors, so that no two vertices of the same color are
adjacent. The four-color conjecture is that all maps have colorings.
We have the notions of restriction of a coloring to a subgraph, and
extension of a coloring from a subgraph to a graph (although the
latter need not exist nor be unique).

Given a graph, a coloring, and a pair of colors, say o and B ,
we can partition the graph into chains as follows. An wuB-chain is
a connected subgraph which is maximal subject to all of its vertices
having colors a or 8. Defining vy&-chains similarly, the graph is
partitioned.into its -af- and Yﬁ-chainé. This partition is the
chain stfucture, which may of course be different if we start with a
different coloring or a different pair of colors in place of «,B.

in this setup, suppose we select some of the aB- and +y8-chains,
and reverse the colors within each of the chains we have selected.
Thus a becomes 8, v becomes &, etc. The result is a new coloring

with the same chain structure.. This process is a gimple chain-switch,

and it is the only process we wil; use for making new colorings from

old,

Reducibility. Roughly, a configuration is "reducible" if we

can prove that it does not appear in any minimal five-color map. The
configuration we will use to illustrate this idea is the "Birkhoff

diamond”, A, in figure 9.

p
7\
5\}/5

The Birkhoff Diamond




Suppose this configurétion is properly imbedded in a minimal
five-color map, M. Then the complement is a proper configuration, B.
We form a new map M', consisting of the vertices of B but with vertices
1 and 5 (as numbered in figure 9) merged into one vertex, and vertices
2 and 4 merged into one vertex. Since M' has fewer vertices than M,
it must have a coloring. This impligé that B has a coloring in which
vertices 1 and 5 have the same color, and vertices 2 and 4 have the
same color. There are only five such colorings of the boundary ring;
we know that one of them may be extended to B.

(This method, by which we limit our attention to a few colorings
of the boundary, is called an "amalgamation argument." It would not
have worked if we had not assumed that the original imbedding was
proper. For example, if vertices 1 and 5 were joinéd by an edge
within B, the graph M' would contain a loop and would not be a map.)

Now by experimenting, we find that all of these five colorings
of the bouﬁdary extend to A except one, shown in figure 10. If M has
no coloring, this must be the one which has an extension to E; We
will modify this (extended) coloring by means of simple chain switches
based on the color-~pair ay, in such a way that the modified coloring
may also be extended to A, This will prov;de a coloring for M, and

hence, the desired résult.

: o
-
ot | 4 4
ﬁ‘ b

- Figure 10




Case 1. There is no Bé-chain joining vertices 2 and 6. In
this case vertex 6 may be changed to § s possibly also changing 4 to §.
In either case, the resulting coloring may be extended to A.

Case 2. There is no ay-chain joining vertices 3 and 5. This
is symmetricai to Case 1,

Lase 3. Both of these chains exist. In this case it is clear
that 1 may not be in an ay-chain with 3 and 5, for then an ay-chain
and a Bé-chain would cross within B, an impossibility. Similarly,

4 may not be in the BS-chain of 2 and 6. Thus, we make the simple
chain-switch involving the chains of 1 and'4, to obtain the coloring
shown in figure 11, which extends to A. -

Each case contradicts'the assumption that M has no coloring..

¥ >y S
N g
A
Figgre 11

We have proved that A is "reducible"; it may nat appear properly
in a minimal five-color map. |
The last step in this proof is called a "chain argument." One
analysis of this.argument is as follows: we took a hypothetical set
of colorings of the béundary of A; and we assumed that 4included the
coloring of figure 8 but did not include any coloring extendable to
A. Then we proved that could not be precisely the set of colorings

extendable to B. For this proof, B was an entirely arbitrary con-
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figuration. In other words, U lacked some property which it would need
if it were the set of colorings extendable to a configuration. We
will soon isolate this property in the concept of an "open set."

Nofe that the chain argument did not require that B be a proper
configuration, a reqﬁirement that was imposed by the amalgamation
argument. So we might try to dispense with the latter and rely only
on the former; that is, prove that every coloring of the boundary of
A can be extended to A, or can be altered so as to be extendable by
using chain arguments. This is a big job even for such a small .con-
figuration as the Birkhoff Diamond, but it can be completed., It
follows that this configuration may not appear in a minimal five-color
map, properly or not.

When "reducibility" can be proved using only chain arguments,
we call it "D-reducibility." This is the only form of reducibility

which we will develop in this or the following chapter.

* Definition of Open Set

Basically, an open set is a set of colorings of an abstract
ring.
We begin with a special case. Given a configuration A, the

open set associated with A, UA, is the set of colerings of the boun-

dary of A which can be extended to A. For example, if A is the
“Pentagon" (figure ;2), then U, is the set of colorings of the

5-ring which use only three colors.

Figure 12, The Pentagon
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Note: Suppose ce:UA iz a coloriﬁg. Then ¢ may be extended
to some coloring ¢ of A. Suppose we choose a pair of colors and
make a simple chain-switch in E to obtain a new coloring & of A.
Let d be the restriction of d to dA. Then naturally, daUA. We will
use this pattéfn as the framework for the general definitiom.

Let R be a ring and let U be a set of colorings of R, Then U
is an open set if the following condition is met: For every coloring .
ceU, and every pair oB of colors, there is a configuration Ac,aB
whose boundary may be identified with R, and an extension E of ¢ to

A

c,aB * such that if we make any simple chain-switch (involving only

af~ and ¥S6-chains) in ¢ to produce d, then the restriction
d of d toR is in U,

The configurations {A } together play the same role as A

¢, B
did in the special case. Their existence suggests that for any open
set U, there might be a configuration A which has U as the associated
open set. In this case the {AC,QB} may be viewed as stand-ins for A,
helping to reveal its chain structures., It is useful to think of
every open set as the associated open set for some hypothetical con-
figuration. |

(Most authors use soﬁe kind of "abstract chain structure' in
place of the {Ac’as} « Our definition is an improvement for two
reasons; it saves us from defining abstract chain structures, and it
clarifies the upcoming Splicing Lemma.)

An open set which is associated with some configuration is

called realizable,
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Two nonempty, disjoint open sets on the same ring are called

complementary. An open set is complementary to a configuration A if

it is complementary to U, . 1If U has no complement, it is called
D-reducible. A configuration A is also D~reducible if it has no
complementary open set. If A does have a complementary open set, it

is D-irreducible.

Special Case. If A is an improper configuration, its boundary

A is not a ring, but we may construct an abstract ring R which
correspoends to 9A in an obvious way. = See figure 13. Now the open
set U, may be considered as an open set on R as well as on 2A.
Viewed as an open set on R, UA has a nonempty complementary open
set, consisting of all colo;ings of R which are not colorings of 3A.
For this reason, as a conventipn, we say that an improper configuration
is never D-reducible. ' '

A R
Fipgure 13. An abstract ring representing
the boundary of an improper configuration

Suppose there exists a minimal five-color map, and let A and
B be complementary configurations having eommon boundary R. Then . UA
and UB are complementary open sets on R. Thus neither A nor B is

D-reducible. A D-reducible configuration may not appear in a minimal

five-color map.
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Examples of Open Sets. Let P be the Pentagon (figure 12). Then

Up 1s the set of colorings of the 5-ring which involve only three
colors. Let Wp bé the set of colorings of the 5-ring which involve
exactly four colors. It can be shown that Wp is an open set,
complementary to P. Therefore P must be D-irreducible.

Let T be the Triad (figure 2). Let Wp be the set of tﬁe
c&lorings of the boundary of T shown in figure 14, and the 120° ro-
tations of these colorings. All of the colorings which will not
extend to T are in this set, except for the one showﬁ in figure 15
and its rotations. Then Wy is an open set, the unique open set
complementary to T; and T is D-irreducible. (The open set Wp was

first reported by G. D. Birkhoff in 1913.)
Y

B o
ol
A
P 3 s
ok '3
[ <.
¥ S

Figure 15. A celoring not in Wp

Almost all of the open sets we will meet in this paper are
made from Wp, Wy, and various realizable open sets, using the Union

Lemma and the Splicing Lemma.
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‘Union Lemma, The union of open sets is an open set.

The proof is immediate from the definition. //

Splicing, We will define spliecing for (1) configurations and
their associated open sets, (2) colorings, and (3) arbitrary open sets.
Let Al and A, be configurations whichhave some consecutive
boundary vertices in common, as in figure 16. Their union, the con-
figuration A, is called a gplicing of A; and Ay. Likewise, U,

is called a splicing of Uay and UAZ' Note that UAl and UAZ

‘are defined on different rings, and Uy on a third ring.

Now suppose two rings R; and R, share some consecutive vertices,
and that a third ring R is formed from some of their vertices, as shown
in Figure 17. Let cj and co be colorings of Ry and R,, respectively. If .
¢1 and ¢, agree on the intersection of Ry and Ry, they define a coloring
c of R, which we call a splicing of cy and Cp. (In one peculiar case, in
which e¢q and Cqy have only two colors oanlf‘Rz, the coloring ¢ is not
.uniquely defined. In this case both colorings ¢ are called splicings

of ¢y and c5.) | |

Let U;) be a set of colorings of Rj, and U, a set of

 Figure 16, ‘Splicing of Configurations
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Figure 17. Ring setup for Splicing

of cﬁlorings of R, defined as follows: A coloring c is in U if it is
a splicing of some cyel; and c,el, .

Now U is always uniquely défined by U1 gnd U2 » and the
arrangement of the various r;ngs. Ali of our splicings will‘be made
with reference to diagrams,

The following lemma follows directly from our défiqition of
open set.

Splicing Lemma. A splicing of open sets is an open set,

Procf: Let Ry, Ry, and R be rings arranged as in figure 17.
- Let U; and Uy be open sets on Ry and RZ’ and let U be their
splicing. Let c be a coloring in U, obtained by splicing c1eU; and
coelUy . Let af be a color-pair.

We must find a configuration A = Ac,aB whose boundary may be
identified with R, and an extension of ¢ to a.coioring é of A, such

~

that any simple chain-switch in ¢ produces a coloring c

' whose

restriction to R, ¢', is in U,
Since U; and U2 are open sets, we ¢an find configurations
Ay and Az, and colorings 81 and 22 extending e¢j and Co

having the same property with respect to Ry and Rp. Tet A bé the
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splicing of the configurations A; and. Ay, . Since El and Ez
agree on the intersection of 'Rl and R2 y We may use 21 and ;2 to
define the coloring 8 of A which extends c .

Now any simple chain switch in e (producing et , which
Vrestricts to c¢') induces simple chaiﬁ—switches in 21 and .22
(producing Ei and 35 » which restrict to ¢] and cj). Now
' cieUl , and céeUz y by definition, and c¢' 1is a splicing of _ci
and ci . Therefore c¢' is in U as desired.//

An example will show the usefulness of splicing, and at the same
time introduce the irréducibility theorems of the next chapter.

Let R; and R2 be 5-rings, sharing three vertices as shown
in figure 18. Let W; and Wz be open sets on these rings, each

identical to the open set Wf from the previous example. Then their

splicing, W, is an open set on the 6~ring R.

Figure 18 ‘Figure 19
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It is an easy exercise to show that none of the colorings in
W will extend to the configuration A shown in the similarly-oriented
‘ figure 19, Thus, W is an open set complementary to A, and A, the
double pentagon, is D-irreducible.

We can get more mileage from the splicing lemma if we define
open sets by "diagrams." A diagram, D, 1s a graph with a designated
bdundary, and for each interior face which is nof a triangle, a
designated open set on that face. Figure 18 is aﬁ example 6f a diagram;
so is figure 20, below. (In each case the symbol ff) indicates
the open set Wp.)

A coloring of the boundary 9D extends to D if it extends to
the g:aph D in such a way that the coloirng of each face is included
in the open set assigned to that face. From repeatéd application of
_the splicing lemma, we know that the set of colorings which extend

to D is an open set, the associated open set of D.

The power of diagrams is shown by an example. Comsider the
configuration H of figure 21, bélow. This is the "Shimamoto Horseshoe,"
whose supposed D-reducibility caused great excitement recently. But
we can show that it is not D-reducible by a reference to the diagram D
of figure 20. It is a tedious exercise to show that no coloring extends
to both D and H; but oncé this is done, we know that D defines an open
set complementary to H. (This proof appeared in a paper by Whitney

and Tutte.)
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Figure 20

/] \ ’/ \
e — % — 6

\/ \/
-3 §

Figure 21.

Improper Diagrams. A diagram, like a configuration, is improper

if the boundary is not a ring. In particular,'a diagram may be used
to define an open set on & ring even if two vertices in the ring
correspond to a single vertex in the diagram; For example, the
diagram in figure 22 defines an open set on a 9-ring. When this
occurs, we use a special convention: a double arc (or "elongated
equal sign'") between béundary vertiées of a diagram implies that the
vertices are merged into one. Thus, figure 23 representsithe same

diagram as figure 22,
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A

Figure 22

Y

Figure 23
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IT. THEOREMS ON D-IRREDUCIBILITY

The object of this chapter is to find configurations which are
not D-reducible. -We already know a few, such as the Pentagon and
the 5-5-5 Triad, whose D-irreducibility was established in the last
chapter by listing their complementary open sets. Now we will use
these open sets, and the splicing leﬁma, to construct open sets
complementary to other configurations.

To apply the splicing 1émma-we will use many diagrams, for which
we will need some standard symbols, shown in figures 24 and 25, Figure
24 represents the open set Wp complementary to the Pentagon, which
':consists of all colorings of the 5-ring which use all four colors.
Figure 25.shows the 5-5-53 Triad and the open set Wy complementary
to it; they are shown side by side in order to fix the orientation,

An empty space in a face of a diagram will represent theuniversal

open set, consisting of all the colorings of the ring.

e Wt

Figure 24 Figure 25
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Interior images. Sometimes a large configuration contains

within it an "image" of a smaller configuration, and we can deduce
the D-irreducibility of the larger configuration from the known
D-irreducibility of the smaller onme.

Let B and A be proper configurations, and let C be a subcon-
figuration of B. Suppose that there is a local isomorphism f:C+A
such that: ‘

(1) 1if f maps v onto a boundary vertex A,
then v is a boundary vertex of B (not only
of C);

(2) £ is surjective except that some boundary
edges (and the corresponding faces) of A
may not be in the image of f; and

(3) f is injective except that two boundary
vertices of C (which are not adjacent
in B) may be mapped onto any one boﬁndary

vertex of A.

It follows that f is an isomorphism on the interior of C, and
each interior vertex of C adjoins ag many boundary vertices in B as
its image does in A, See figure 26. In this case we say that C

1s an interior image of A in B.

NI
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Figure 26

Removing C divides B into one or more components. For each
such component, consider its "first meighborhood" in B —- that is,
the full subconfiguration formed from the vertices of the component
and their neighbors in B. The subconfigurations obtained in this
way are called the wings of B (with respect to the interior image C).
Now B ma& be formed by succeséive-splicings éf C with the wings.

Several examples of interior imagés'a;e shown in figure 27.
‘Note that an interior image of a Pentagon is just a 5-legger. An

interior image of a 5-5-5 Triad is an interior triad.

Lemma. Suppose that B contains an interior image of A, and

let B' be a proper configuration contained in B. Then either B' is a

' subconfiguration of one of the wings of B, or B' contains an interior

image of some proper configufation A' contained in A.

Proof: Let C be the image and iet f:C>A be as a_bdve. Sﬁppose
B' is not contained in any of the wings. Theﬁ let C' =-B'fic , and
let fi:C‘-+A ‘be the restriction of f. _Let A' be the image £'(C"),

together with any edges of A which were left out of £(C) but whose
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endpoints are in £'(C'). Then A' must be a proper subconfiguration
of A, and f':C'>A' must meet all of the requirements of the
definition, making B' contain an interior image of A'. //

We are now reédy for the first of the irreducibility theorems.

Theorem 1. Let B contain an interior image of A, and suppose
that A 1is Drirréducible. Then so is B. Furthermore, if neither A nor
any of the wings of B contains a D-reducible subconfiguratiﬁn. then
neither does B. |

Proof: Let C be the image, and let f:C-+A be as above. Let
Wy be an open set complementary to A. We will construct.an open set
Wp complementary to B, and conclude that B is D-irreducible.

The construction of Wy is shown by example in figure 28, which_.
is a continuation of figure 26. Wp is defined by an improper diagram,
or equivalently, by splicing WA with some universal open sets. It is
clearly a non—empty open set, It is copplementary to B because any
coloring of ﬁB extended to B would define, via the correspondence

established by f, an extension of a coloring of W, to A.

‘Figure 28
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For the second assertion of the theorem, let B! be any sub-

configuration of B, Every improper configuration is necessarily

p-irreducible. If B' is proper, its D-irreducibility follows from

what we have done by the previous lemma. //
For specific examples of this comstruction, see figure 29, which

is a continuation of figure 27 and alsc illustrates the following

o — ©D,,

_corollaries.

(The "universal open
sets" involved in
this construction
are on "2-rings.™)



26

Corollary (5-legger theorem): Any configuration containing a

5-(or more-) legger is D-irreducible. //
Recall that a 3-extension creates a 5-legger.

Corollary (interior triad theorem): Any configuration containing

an interior triad is D-irreducible. .//

Suppose we pick an interior vertex of A which is at least a
- 2-legger, and increase its valence by giving it a new boundary neighbor.
The result is called a gradient of A. See, for example, the last case
in figure 27. The gradient contains an interior image of the original
configuration.

Corollary (gradient theorem): A gradieﬁt of a D-irreducible

configuration is D~irreducible. //

All of the useful applications of Theorem 1 are covered by its
corollaries. A few of these applications are shown in the next three
figures. PFigure 30 contains a 3-extension and is therefore D-irredu-
cible, eﬁen though it contains a D-reducible subconfiguration. Figure
31 is D-irreducible because of its two "interior triads," but it is
known to be reducible in another sense, as willl be seen in the next
chapter. Figure 32 actually contains four interior triads.

'5/| AN
| & 5 /5

~

Figure 30. D-irreducible Figure 31. D-irreducible
(C*-reducible)
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Figure 32. D-irreducible

We can now come to the most important theorem of the chapter.

Theorem 2. (The 2-extension theorem,) Suppose that a con-

 figuration B is obtained by a 2-extension of A, Then B is D-reducible
jfif and only if A is D~reducible,

Proof: Firsp we will assume that A is D-irreducible, and from
'1an open éet complementary to A, we will construct one complementary

to B. Let B and A be as shown in'figgre 33, and iet WA be an copen set
’;complementary=to A. Then define Wg by the spiicing diagram of figure
- 34,

We will show by contradiction that Wﬁ is complementary to B.
‘Suppose that some coloring of the boundary is extendable both to B and

to the diagram defining Wy, . Then exactly three colors must appear

On - vy, Vg, Vg, V4 = if there were four, vg could not be colored

:in B; and if there were two, vj could not be colored in figure 34.
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The fourth color must be assigned to both vg and vg. But now to
extend the coloring further to both B and Wy would require extending
identical colorings to both A and W, , an impossibility. Therefore
Wg is complementary to B, and B is D—irredﬁéible.

To prove the converse, suppose Wy is given, and use the splicing
diagram in -figure 31 to construct W, (the face marked “Wéf is considered

the "outside face" in this diagram).

Va vy

W,
8
Figure 35
Clearly WA contains no colorings which extend.to'A, g0 to show that
Wy 1s a complementary open set to A requires only that WA not be
empty. To show this, it suffices to show that Wy must contain at
least one coloring with 1esg than four colors on vy, Vo, V3, V4.
This follows from a lemma, which will complete the proof of the theorem.
Lemma, If V1s Vs V3, V4 are any four vertices on a ring R
and U is a nonempty open set of colorings of this ring, then U contains
a coloring in which vy, vy, v3, Vv, are not allrcoldred différently.
Proof:  Let c;U. We may assume that vy, vy, V3, V4 appear in
that cyclical order on R, and have the colors u,'B, Y, 8, respectively
' in the coloring c¢. According to the definition of open set, choose ;

configuration A = A whose boundary may be identified with R, and

c,of
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an extension E of c to A. InA, vy and v4 may be joined by an
ay-chain, or vy and V4 may be joined by a BS-chain, but not both.
Suppose the former does not occur. Then we may change the color of
vy to v by a simple chain-switeh in ; which does not affect vi3; and
the resulting coloring of R must be in U but does-not have four dif-
ferent colors on Vj, Vg, Vg, Vy . //

{The constructions used to prove the two parts of Theorem 2 are
not quite inverses of each other.)

Note: The construction in figu?e 18, used there as an example
of splicigg, is also an example of the 2~extension theorem.

Applications of the 2-extension theorem are shown in figures
36~40. Each of these is built up from a Pentagon or Triad by a
succession of 2-extensions, and is therefore D-irreducible.

We note in passing'that if 2 l-extension is made at any point
in figures 38-40, the result is D-reducible. This suggests thét net
only is the quality of D-reducibility preserved by 2-extensions, but

also some quality of "3imost-reducibility” which may someday be made

more precise.
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Figure 39 Figure 40

The replacement construction. Let C and A be configurations,

and let Vg be an interior vertex of C adjcining three consecutive
boundary vertices vy, Vg, V3. Remove vy (and the edges incident to
it) from C, and construct a new configﬁration B by splicing A with the
remainder of C, in such a way that the common boundary in the splicing
consists of vy, vy, and vq . See figure 41. We call this the

replacement construction, and we say B is obtained by replacing a

'boundary vertex of C with a copy of A,

Figure 41. The replacement construction

Note that every interior vertex in B corresponds to exactly one
interiori#ertex_of C or A, This correépondence (which ﬁe will regard

as an identification) preserves valences, except for Vg which may



31

have a higher valence in B than in C. We may also consider vy as a
boundafy vertex of A.

If ¢ has interior vertices other than Yo and A has interior
vertices, then v, is an articulation point of B. If C is a Pentagon
and Vo is the unique interior vertex of C, then B is just a 2-exten—
"gion of Ay so the replacement conétrucfion is a generélization of

extensions. Examples are in figures 42 and 43,

/\ - A 5
Ya -5
/’/ |\‘\ v . .
\/5\/ 5s—8 B
5s—s5 C

Figure 42. A replacement creating an articulation point

2
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lemma. Let B be obtained by replacing a boundary vertex of C
with a copy of A, and let B! be a proper configuration contained in
B. Then either B' is a subconfiguration of C or A, or B! is obtained
by replacing a boundary vertex of some sub-configuration C' of C with a
copy of some subconfiguration A' of A.

Proof: If B' is proper anﬁ is ﬁot'contained entirely in C or -
A, then B' must include vy, Vg, and v4, and at least one other
vertex in each of C and A. Let A" = B'1A, and let C'be formed from
B'\C by replacing v in the way that it appears in C. Then B' is
formed from C' and A' . //

The next theorem generalizes part of Theorem 2, and yields two
imﬁortant corollaries on articulation points.

Theorem 3. (replacement theorem). Let B be obtained by replacing

a boundary vertex of C with a copy of A. If C and.A are D-irreducible,
then so is B. Furthermore, if neither C nor A contains a D-reducible
subconfiguration, neither does B.

Proof: The general situation is pictured in figﬁre 44, Here
we assume that C and A are D-irreducible; so we may let Wg and WA
be their respective complementary open sets., Figure 45 defines a
splicing of these open sets to form Wz, an open'set which we assert
must be complementary to B. For suppose some cploring extends to
both B and Wt . If Vo has the same color as vy, Wwe ére extending
the same coloring to both A and Wy, an impossibility. But if v, ié
colored differéﬁtly from vy, then we can color C, bﬁ c¢oloring those
verticés which are in B.in the same way they are colored in B, and

assigning to v, the color of v,. The result is to extend the same

coloring to C and to Wg .
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7 A V3 ¥ Y3

3 Wy

Figure 44 “Figure 45
Jigure a3 FAEUTE )

This completes the proof if Wy # é. This is clear if W,
inclﬁdes at least one coloring for which v, and vjg agfee, and one
coloringrfor which they disagree; for then any coloriné'ih Wc_may.be
sp}i&ed (possibly after permpting the colé:si with one of theée two
colorings in W, . This is the normal case;.

But suppose, on the contrary, that every coloring in W, assigns
the same color to vy and vj. Then it is possible for Wg to be
ﬁoid; so we form another open set Vg by replacing ﬁc in figure 45 with
a universal open set. Now Vg is obviously nonempty; the problem is to
show thét it is complementary to B. For this we will need & chain
argument in the open set WA, which we will indicate breifly: for every
color1ng in Wp, v and V3 are joined by every kind of chain. Thus,
the color of v, may be changed at will, and the coloring will still
be in Wp . So extending a coloring to B and Vg always requires

extending identical colorings to A and Wy .
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Similarly, if every coloring of W, assigns different colors

to vy and vy, then the color of v, 1s irrelevant to a determination
of whether a coloring is in Wp; so the same open set Vg is a nonempty
complementary open‘éet to B.

This proves the firsf conclusion of Theﬁrem 3; the second now
follows as well, because of the previous lemma. //
We now apply Theorem 3 to the problem of articulation points.

Corollary 1 (3-legger articulation points): Suppese a con-

figuration A has an articulation point that adjoins three or more
boundary vertices, and suppose that two of fhe wings are D-irreducible.
Then so is A.

Proof: If the two irreducible wings are each replaced by single
boﬁndary vertices; the resulting configuration is necessarily D-irre-
duciﬁle, since it contains a 5-(or more-) legger. Reversing this
process amounts to two appliqations of Theorem 3, so A itself must be
D~irreducib1e. !l

Since each wing of a configuration ineludes the original
articulation point as a boundary vertex, it makes sense to consider
a l-extension of the wing at the articulation point. Frequently, even
if the wing is irreducible, it becomes reducible after the l-extension.
When this is not the case, we can improve on Corollary 1. The following
is a direct translation of Theorem 3:

Corollary 2 (2~-legger articulation points): If an articulation

point divides a configuration A into two wings, both of which are
D-irreducible and one of which remains so after a l-extension at the

articulation point, then A is D-irreducible. //
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The nicest application of this corollary is to the case of
"hanging pairs" of 5—vertices.— Consider figure 46. The lower wing
is D-irreducible, and the upper wiﬁg remains D-irreducible after the
prescribed l-extension. Therefore Corollary.z appiies and the con-
figuration is D-irreducible. The upper wing of this configuration is

called a2 "hanging pair."

‘5—\7‘5— ==ﬁ é-. _/-d"
5

5— 5 ==
\ /

7
/\/\/b— |
\5‘ \ 5\5/5_

5

Figure 46. D-irreducible (Corollary 2)

More examples appear in figures 47-49. Figure 47 requires
two applications of the replacement theorem, and contains two

articulation points.

Each of the configurations in figure 48 is obtained by replacing

a boundary vertex of 6:565 with a Triad. Since 6:565 contains two
interior triads, it must be D-irreducible; therefore, so are the
configurations in the figure.

* ‘Figure 49 illustrates the limits of the articulation point
corolla:ies. This configuration barely fails to meet the hypothesés

of either coréllary; and in faet, it is D-reducible.




Figuré 47. D-irreducible

| 5
A 5 ")
-/"l‘\.cf”‘ \\‘éf 4,<::\T/’|“‘5‘
6\0/\/ \ 7\~
K] | 5 )

Figure 48. D-irrediacible

A ¢

"N N

5\/7\/5‘
5 5

Figure 49. D-reducible

36
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Examples. How complete are the D~irreducibility theorems?

One way to decide is to examine small configurations, whose D-reduci-
bility or ~irreducibility have recently been resolved by computer. We
will find that in most cases, if a configuration is not covered by one
of the D*irfeducibility theorems in this chapter, it is actually
D-reducible.

Our body of examples will be those listed by Allaire and Swart
in their comprehensive computer study of 10-ring configurations. These
inelude configurations whose boundaries have no more than 10 vertices,
and which can be built from very small configurations by extensions
without ever letting the boundary exceed 10 vertices. From this set
we exclude the following: |

(a)_ any configuration with an interior vertex
of valence less than 5;

(b) the Pentagon and Triad;

(c) any configuration with a D-reducible properr
subconfiguration;

(d) any configuration with a 4-legger, or a
3-legger articulation point, or a "hanging
pair" of 5 vertices (since no such con-
figuration may be minimally D-reduciblie);
and

(e) the following specific configurations, and

any which contain them.
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5:56565 6:567(6)5(5)5
6:565(5)6 8:6(5)5(5)655
6:6(5)57(5)5 5:55(5)8(5)66
5:5(5)57(5)5 6:5(5)5x6((5)6)5 (see

figure 50)
(Each of these is probably D-reducible, but they are not listed by

Allaire and Swart in the early draft of their report.)

5 @/lg

5 /|>("<l>u
\5 5

Figure 50. 6:5(5)5x6((5)6)5

The resulting 1list congists of 104 configurations. Twelve are
D-irréducible because of the interior triad theorem, and in nine of
these cases, the complementary open set constructed according to the
proof of that theorem is the largest écmplementary open set. (The
exceptions are 6:565, 7:5665, and.7:566(5)5.) Three more cases are
D—-irreducible because of the theorem on 2-legger articulation points.

Of the remaining 89 candidates, for D-reducibility, 83 are
D-reducible. Only six are D-irreducible without being covered by
any of the theorems,

Furthermore, in each of these six cases, complementary open
sets mai be obtained by splicings of Wb and.W& . Thus, while the
theorems do not cover every case, their underlying technique does.

The six exceptional configurations, and their complements,
appear iﬁ figure 51. A list 6f all 104 examples appears at the end

of the next chapter.
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5:66666

8:55655

This open set, used again beloﬁ, is analogous to Shimamoto's
"second construction," whieh was used to comstruct the example at
the end of Chapter I (figure 16),.

7:5(5)66(5)5
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7:56565

(2]

(Consider also the symmetrical version.)

7:5656(5)5

used again below, from a

Allaire and Swart derive this open set,
The above open set

- glight generalization of the interior image theorem.
may, in turn, be derived from this one. :

7:556(5)6




III. OTHER FORMS OF REDUCIBILITY

_The notion of D-reducibility is not the broadest form of
reducibility, .since there are configurations which are not D-reducible
put which are known not to appear in any minimal five-color map. In

. this chapter we will develop some broader concepts of reducibility, -
Aand we will see what can be done to generalize the irreducibility
theorems to these new cencepts.

We first introduce some new terminology, taking advantage of
a superficial analogy to topélogical ope‘nAsets. If R is a ring, let
Ug (or, just U) repre.sent'-the set of all colo.rings of R. If Uel,
its complement ¢ is the set U-U. We call U'glgggg;if Uc is open.
In any case, weilet U, the closure of U, be the. smallest closed set
containing U. (There is a smallest one, because of the union lemma
for open sets.)

To restate a definition: a configuration A is D-reducible if
T, = U..

Let A be a proper configurationm. A reducer for A is a (usually
impfop_er) configuration B, whose boundary may be identified with that
of A but wh;t.ch has fewer interior vertices, such that -ﬁB_C_ EA . This
means that no coloring in Up may also be in a complementary open set
to Uy; or, that every coloring extendable to B may also be extended
to A, possib'iy after modification by chain arguments.

If A is D-reduciblé, any smaller configuration is a reducer
for A. _ |
We call A C-reducible if it has a reducer. Otherwise, it is

C-irreducible.
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lLemma. A C-reducible configuration may not appear properly
in a minimal five-color map.

Proof: Suppose a C-reducible Configuratibn A appears properly
in a minimal five-color map, M, énd let B be a reducer for A. Since
the boundary of B may be identiffed with that of A, we may construct
2 new map M' by putting B in place of A in M. (Since B may be improper,
ve need to assume that A appears properly in M to conclude that M’ |
contains no loops.) Let C be the complementary configuration to A
in M (and to B in M'). Since M is a five-color map, we know that
Ucﬂ Uy = ¢, and hence that U,N TJ_A =@ . Since UgS& -I-I_A , it follows
that UonUp = ¢, and M' can have no coloring. Since M' is smaller

than M, this ie a contradictien. //

Leuma_on subconfigurations: If A' contains a C-reducible
subconfiguration A, then A' is also C-reducible.

Proof: If B is a reducer for A, a reducer for A' can be made
by substituting B for A within A'. //

Note that the C-reducibility of a configufation cannot be
defined entirely in terms of the assoclated open set,rbut aléo depends
on the number of interier vertices. This motivates the following
definitions.

A configuration is C*-reduciblé if it has & rgducer with no.

interior vertices. Otherwise, %t is c*x-irreducible.

A configuration with no interior ve:tices may be drawn in such
a way as to emphasize its boundary, by using the double-edge convention
introduced at the end of Chapter I. For example, the two 11lustrations

in figure 52 represent the same configuration. Frank Bernhart calls
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these representations AB-diagrams, a term which we will also apply to

the configurations themselves., We will alse use his term totally

degenerate open set for the asseaiated open set of an AB-diagram.

—

'FiggréfSZ

An open set U is complete, or C*-compléte, if it meets every
totally degenerate open set; that is, if it contains some coloring
.', ~ which will extend to each AB-diagram. By tracing the definitions we
obtain the following equivalent definition:

Lemma. A configuration is C*firreducible if and énly if it
has a complementary open set which is C*fcomplete. /7
Examples. Wp and Wy are C*-complete. Thus the Pentagon and
. §5-5-5 Triad are C*-irreducible.

The point of this lemma is that the C*-reducibility of a
configuration can be defined entirely in terms of the associated open
_ met, so that the problem of C*-reducibility, like that of D—reducibility,
is reducéd to the study of abstract open sets. This isiimpossible for
C-redudibilit‘:;r. |
.ﬁh will use one mere‘reducibtlity_concepf.

An AB~diagram 1a's§ggie if it has a repiesentation in which

every single and double interior edge adjoins a single vertex. For
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examples, see figure 53. The last AB-diagram in the figure is simple
pecause it is really the same configuraticn as the first one.

An open set is 1—coggléte if it contains a coloring which

extends to each simple AB-diagram. A configuration is l-~irreducible
if it has a l-complete complementary open set. Otherwise, it is
j-peducible., A configuratien is l-reducible if and only if it has a

reducer which is a simple AB~diagram.

simple simple - : not simple " gimple

Figure 53, AB-diagrams

Equivaléntly, an open gset U on a ring R is l-complete if, for
any nonempty set Q of vertices of R such that no two vertices of Q are
adjacent, there is a coloring in U in which the vertices of Q have one
color, and none of the other vertices of R have that color, |

Relationships among the types of reducibiligx, A configuration

is‘C—reducible if it has a reducer. It is C*-reducible if the reducer
is an ABR-diagram, and l—reduéible if the reducer is a simple AB-diagram.
It is D-reducible if any smgller configuzation is a reducer.

It follows that our %our concepté may be ranked by implication:

D-reducibility implies lwredugibility implies C*-reducibility implies
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c-reducibility. The relationships are illustrated in figure 54, C-
reducibility is the broadest of ocur feur comncepts; in fact, every

configuration which is kmewn not to appear in a minimal five-color map

is C-reducible.

- 7:56565 ﬂi\\

- Configurations with <
C-reducible subcenfigurations

-(’77—3:565
3+

Su
= &

- 5:2::6-’.2)‘

(:‘ﬂzz;figurations wié;-ﬁ\\ {

interior triads:7:5655,
8:56555, etc.

~— Also:
8:55655

7:5(5)66(5)5 75361536 r/"'—’"\
§;885%8°8s0s | | .

D=-reducible

C*-complete

1-reducible

__—f’J l-complete
C*x-reducible _::::::::::i//) L;,all open sets /

C-reducible

Types of reducibility : Types of open sets

Figure 54
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Apparently, none of the narrower concepts satisfy the lemma on
subconfigurations. It is therefore easy to find configurations, such
as the one shown in figure 55, which are C-reducible without (it seems)
peing C*-reducible. But 1f we limit our attention for a moment to
minimally reducible configurations, the difference between these two
concepts is mostly theoretical. Allaire and Swart found that the
configuration 7:56565 1s C-reducible but is not C*-reducible, and has

" no C*-reducible subconfiguration; however, it is the only such example

known.

Figure 55

There are also some configurations which are C*-reducible
without-being 1-reducible. The leading example is the configuration
6 565,_and other examples can be constructed from that one by the
replacement construction (see figure 48; Chapter TI). With these
eieeptions, all the published proofs of well-known reductions are
actually proofs of 1-reducibility. 1In short, C-reducibility and
l-reducibility are very close.

The gap between i-reducibility and D—reducibility is wider.
Several examples arise from the interior triad theorem, which can be
used to prove D-irreducibility but fails completely for l—itreduci—
bility. Five of the:séecial cases in figure 51, Chapter IT (all but

7:56565) are also l-reducible without being D-reducible, as are the
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: jarger examples shown in figure 56.

e .

5-
eI o
/6\‘ b'.-'--‘i-...(r
’ o \/i\/
o~/ (p\/“

Figure 56. 1-reducible but net D-reducible

The types of reducibility can also be compared in more coﬁ—
ventional terms; by describing the arguments used to establiéh re-
ducibility of each type. To prove D-reducibility, one may use only

- chain arguments. For-C~reducibility, one has also the full forée of
amalgamation arguments. For C*—reducibility,.the amalgamation must
involve merging all interior vertices with the boundary ﬁertices{ and
for l-reducibility, the amalgamation must consist of merging all of
the interior vertices, togethef wiﬁh one or more boundary vertices,

" with a single boundary vertex.

It is a philosophiéal question whéther our chief interest
should be in D-reducibility or C-reducibility. Perhaps the four-color
~ conjecture can still be résolved by compiling a longer list of reductions.
If so, the broédest poséible concept is the only useful one. But if a
more subtle approach is to be used, the theoretically more accessible
D-reducibility is the conmcept of choice; especially siﬁce it is'quite
likely (as we will argue in the next chapter) that every map contains

_ a D-reducible configuration.
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Generalization of the Irreducibility Theorems -

:Each of the irredugibility theorems in Chapter 2 gives rise
to a variety of conjectures, by substituting ﬂc—irreduciﬁle,“ Ok~
irreducible," or "l-frreducible" for "D-frreducibie.“ Now we will
" investigate which of these conjectures are plausible, and which ecan
5e proved.

The interior image theorem., Theorem 1 is false for 1-, Ck~,

and C-reducibility. In proving it for D-irreducibility, it was only
necessary to construct an oﬁen set, and this was done by reference to
 an improper diagram, so that the resulting open set was manifestly
incoupiete. For other forms of irreducibility, it would be necessary
to construct a complete open set, and in general theré is no reason
to think that one would exist.

In fact, there are many counterexamples to the "interior image
conjectures.”" Among others, the configurations 6:565, 7:5655; and
5:57(5)75 (see figure 57) all have interior triads but are nevertheless
C*—reducible.

There may even be an example of the failure of the "gradient
conjecture” for C*—irreducibility, if it is true, as reported, that

7:56565 is Ck-irreducible while its gradieat 7:56665 is C*-reducible.

Pigare 57. '5i57(5)75
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The 5-legger conjuecture is true for C*-reducibility, with an
additional assumption. Xf B contains an Interjor image of a Pentagon

and the winge are C*-irreducible, so is B. We will prove one case of

this.

Theorem 4, If a configuration A is C?-irreducible, and B is
obtained from A by a 3-extension (or higher eorder), then B is C*-irre-
ducible,

Proof: We will prove the case of a 3-extension as shown iIn
figure 58. We define two open sets Wy and Wé s, complementary to B, in
figure 59. W, is familiar from Theorem 1. W, is fofmed'by splicing
 an open set ﬁA, a C*-complete open set complementary to A, with the
- open set Wp ( ) on the six-ring consisting of all colorings which

use all four colors. (Wg is built from Wp as ghown in figure 60.)

‘Figure 60



50

Let W= Wy UN, . Clearly W is an open set comﬁlementary to
: g; we need to.prove that W is C*-complete. To do this, let X be any
AB-dlagram whose boundary may be identified with that of B.

If vy and vy are not joined with a deuble 1ine in X (f.e., if
they are not identiffed in the cenfiguration represented by X) then it
is easy to check that some coloring in Wy ektends to X. (This is
.-ﬁltimately a consequence of the C*-completeness of Wp.)

If vy and v; are joined by a double line in X, then X really
is two AB-diagrams, one belonging on part of the boundary of A and éne
beionging on the vertices Vi, Vgs V3s V4o V5 We may find colorings
in Wy and Wy which extend to the respective parts of X. Clearly, these
two colorings may be spliced; and their splicing, which is.a'member
of WZ’ is e;tendable to X.

Therefore W is C*;complete and B is C*~irreducible. I

The 2-extension theorem. We are concerned only with the part

of theorem 2 which deduces the irreducibility-o6f the larger configuration
from that of the smaller.f The converse may be extended to l-irreduci-
bility and Ck-irreducibility, but is of little interest.

We will prove the 2-extension theorem fof 1-irreducibility,
as theorem 5.

It'isunfortupatethabtﬁeZ-extension theorem cannot be extended
to C*-irreducibiliﬁy. But it cannot, unléss we first prove the four-
color conjé;ture; for from the hypothesis of a five-color map, we can
construct a counterexample to ﬁhe ektended version. This "counter-

example" follews the proef of theorem 5.
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No "real' examples are known of the failure of the 2~extension
conjecture for Ck—irreducibility or C-trreducibility. But so.few'
examples are known of'configurations which are C-reducible without also
being 1-reducib1e,-that it is hardly surprising that none of them
happen To bé 2 - extensions of C*-irreducible configurations. This
probably cannot be taken as strong evidence for the truth of the con-
jecture.

In specific cases, the C*-irreducibility of 2-extensions may be
verified directly by constructing a complementary open set in the usual
way and ghecking it -against all AB-diagrams. The analysis is practical
when the number of interior vertices is less than six, and in 21l such
cases, the i—extension conjecturé holds for Ck-~irreducibility.

Theo;em 5. 1If a configuration A is 1~irreducible, and B is
obtained from A by a Zfextension {(or higher order), thén B is l-irre-
ducible.

| Proof: We will show that a splicing of order 3 between any
l-complete openlset‘and the set Wp is l-complete. The desired result
will then follow fromrthe proof of Theorem 2.

Let W; be an open set on a ring Ry, let W be the spliciﬁg of
W; and Wp, andllet R be the boundary pf W, as shown in figure 61. We
will use our alternate definition of l-reducibility; we will let Q be a
nonempty set of vertices of R, and we wiil £ind a coloring in W such
that preciéély the vertices in Q have the color & . |

Case l. V1 and vy are in Q. let Q = Rln(z, the set of

vertices of Ry which are in Q. Since Wi is 1-complete, there is a

coloring cq€Wy for which only the vertices of Qi , including vy and
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v, s have the color o . We may assume that v, has color B .

Now figure 62 shows how to splice c; with a coloring in Wp to obtain
a coloring.in W in:which only the vertices of Q have color o .

Case 2. vléQ s v&¢Q. Construct Q; and cj as before. We may

agssume that Vi has color a , Vv, has color B , and v, has color ¥ in
Q; . The case is completed in figure 63, using a or 8 for A according

to whether or not v3sQ.

Y & | § w=p

colored

colored as
as in C;

in Cl

Figure 62 Figure 63
yigure Q- rigure oo
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Case 3. None of vy, vy, Vq 0TV, is in Q. Now define

Q = @ Ry) {vg}, and select c; as before, We may assume that
in €3, V1 has color B , Vv, has color o , and v, has color B or Y .

The case is completed in figure 64.

colored as
in Cq

‘Figure 64

Case 4, of Vys vz,,v3,.v4;.on1y,v2 Q. In this case set

Q = (Q Ry} {vq}, and choose c; as before. (The case would be
easler if we could set Ql = () Rl, but there would be no assurance

that Q; # ¢.) If it is possible to choose c¢3 so that vy and vy

have differeant colors, do so; the case can then be completed as in
. N . 3

figure 65.

\:olored as

& o




54

1f no such choice of c¢; is possible, we must use a chain
argument. Choose c¢; a0 that vy, Vgs V4 haveicolors B, &, 8; and fill
in Ry by a cpnfiguration Acl,BN'aS prescribed in the definition of open
"set W3 . Now v] and v; must be joined by a By-chain; otherwise, we
could alter c; 80 that v4 had the color Yy but Ql was still satisfied.
Therefore we can alter c¢; 80 that vy has color &, without affecting
the other vertices on R, .

From this pew coloring we can complete the case by the splicing

in figure 66. //

colored as

Figure 66

?ollowing ig the counterexample that prevents the extension of the
2-extension theorem to C*-reducibility.

Counterexample. If there is a minimal five-color map, it

contgingra pentagon. Let A be the complemeﬁtary configuration, for
which weuse a-symbol in figuré 67. We know nothing about A, except
that its associatéd épen set is Wp3 a coloring gxtends to A if it
involves exactly four colors, C;early A may not be reducible in any

sense, being contained in a minimal five-celor map.
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Figure 67 " Figure 68

Let B be a 2-extension of A (figure 68). Now B may not be
D-reducible or l-reducible by theorenms 2 and 5. But B is C?*reducible.
Its reducer is the AB-diagram shown in figure 52. That is, any coloring
extendable to this AB-diagram may also be extended to B, possibly with
the help of chain arguments.

“(We will not give the chain afguments here, except to note that
by coincidence, they are nearly a direct transcription of the arguments
used to reduce the "Birkhoff Diamond" in Chapter 1. Y/

The replacement theorem (Theorem 3). Let U be a splicing of

order 3 of two open sets Uy and O, . We showed iﬁ Theorem 5 that if
Uy is 1-complete and U, is Wp, then U is 1-cqﬁplete. It is not
generally true that if Uy and U2 are both l-complete, so is U; or that
1f Uy and .U, are both C*-complete, so is U; or even that if Uy is
1-complete and U, is C*-complete then U is l-complete. It is true that
U is l-complete 1f Uy and U, are both Ck-complete, or if Uy is l-com-
plete and Uy is Wy . These results can be proven:by the technique of
Theorem g;'and they yield the following generalization,

Theorem 6. Let B be obtained by replacing a boundafy vertex

of C with a copy of A. Suppose that either

(1) C and A are both C*-irreducible, or
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(2) C and A are both l-irreducible and one of
them is a Pentagon or 5-5-5 Triad.
Then B must be l-irreducible, I

‘§pecific Configurations. The union and splicing lemmas can

be used to prove C*—irreducibility for seme specific configuratioqs
_not covered by the theorems, The method is to find severél complementary
open sets to.the same configuration, by using splicing constructions
such as the interior triad theorem; and then to show by exhaustion
that the union of all these open sets is a C*-complete, complementary .
- open set.

Two examples of this method appear in figures 69-70 and figures
71-72, Figure 69 shpws a configuration, and figure 70 shows splicing
constructions for several complementary open sets whose union ig C#~-
_gcmplete. Similarly, figure 71 shows a configuration whose C*—irre—
ducibility is demonstrated in figure 72. In each case, chgcking for
Ck~completeness is\a tedious exercise; it is necessary to examine each
" AB-diagram to see that it can be colored by sbme coloring in the open
set. |

Both of these configurations are significant in that they are
"oeographically good," a quality (defined in the next chapter) which

- would normally make them likely candidates for reduction.
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Figure 70. Complements to 7:57(5)75
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Complementary Open Sets '
{Note symmetriqgl versions)

/ '\
N

Shaded areas are

interchangeable, '
z‘ .. / )

I As Frank Bernhart points out, ﬁhese '|
open sets are related by

| :@U@'.

Figure 72.__Coﬁ lements to 8:56665
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Bernhart's Thesis. In his thesis, Frank Bernhart hag introduced

a new necessafy condition for an open set to be the associated open

set of a cénfiguration. Almost all open sets meet the conditiom, but
some are known which do not. We can use the term "legitimate open set"
for one.which satisfies Bernhart's condition,

Since open sets are supposed to be associated open sets of
hypothetical configurations, there is no interest at,ali ig illegitimate
open sets. Therefore it is good to know that all of the theory of
these three chapters remains valid when the term "jegitimate open set"
is substituted for "open set" throughout. In particular, the splicing
lemma, the irreducibility theorems, and all of our examples survive.

It is possible that a cpnfigurétion could be reducible (under
some concept) in the new context which was not reducible before. This
would happen if its only complementary open set (or complementary
complete open set) is illegitimate. No such examples are kpﬁwn.

Examples: As in the case of D-reducibility, we can test the
completeness of our l-irreducibility theorems by applying them to the
104 configurations we have selected from the Ailaire-Swart list.

(It is still appropriaté to omit configurations with 4-leggers
and hanging pairs, because either of these would prevent a configuration
from being minima}ly l1-reducible, by Theorems 5 and 6. The same is
true for 3-legger articulation points, provided there are only two
wings and_pne of them is a Pentagon or Triad —— and this is guaranteed
when the boundary cammot exceed 10 vertices. Thus, the examples we are

using are the only interesting ones.)
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One of the 104 examples (the one in figure 47, Chapter II) is

1—irreducibie because of the replacement theorem, Two more (figure 48)
| ‘gan also be proved l-irreducible as soon as we know that 6:565 is

1—irredu¢ible. Of the remaining 101 candidatgs‘for l—reéﬁcibility,
98 are l-reducible. The only l-irreducible configuraﬁions net covered
by the theorems are 6:565, 7:56565, and 7:5665. The first is C*-
reducible, the second is C-reducible, and the last is (appareﬁtly)
C-irreducible.

These examples support the generalization that if a relaﬁively
small or low-valued configuration cammot be proved 1-irreducible using
the theorems of this chapter, then it is usually reducible,

The 104 examples are listed below.
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: 104 n-Ring Configurations (with n< 10)
Whose Reducibility was Tested by Allaire and Swart

6 boundary vertices

5:555

7 boundary vertices

6:555

8 boundary vertices

7:5555

6:5655

5:5665
5:66655
6:5(5)5%x5(5)5

9‘boundary vertices

6:5665

8:55555
7:56555
7:55655
5:66665

7:6(5)555
7:5(5)655
7:56(5)55
5:7(5)6655
5:76655(5)

5:6(5)7655
7:555%x5(5)5
6:6(5)5%5(5)5

D-reducible configurations (83)
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10 boundary, 6 interior

‘10 boundary, 7

7:56655
6:56665
7:5(5)755
7:56(5)65
6:6(5)665

"interior

9:555 555
8:565 555
8:556 555
7:565 655
7:565 565

6:666 655
8:6(5)5555
8:5(5)6555
8:56(5)555
8:5(5)5655

8:55(5)655
7:6(5) 6555
7:6(5)5655
7:6(5)5565
7:57(5)555

7:56 (5)565
6:5(5)7655
6:5(5)7565
6:57(5)565
5:7(5) 6665

continued -



62

10 boundary, 7 inteérior 10 boundary,. 9 interior

‘continued 796.(6)5(9)5 x 5(5)5
7:6(5)5(5)6 x 5(5)5

5:76665(5)

5:7(5)6656 - 10 Boundary, 10 interior

5: 76656 (5)

5:6(5)6666 /S 5\

7:6(5)6(5)55 (: :} (:!:; 9 /ﬁ

7:6(5)65(5)5
7:6(5)56(5)5
7:6(5)55(5)6
6:5(5)76(5)5
5:5(5)77(5)5

8:555x555
7:6(5)5x555
6:6(5)5%6(5)5
6:6(5)5x5(5)6

10 boundary, 8 interior

7:6(6}5(7)5(5)5
7:6(6)5(5)5(6)6
8:6(6)5(5)555
7:7(6)5(5)555
7:6(6)5(5)563

:5(5)656(5)5
:5((5)5)6565
:5((5)5)66(5)5
:6(5)8(5)655
:7(5)7(5)655
:7(5)7655(5)
:77(3)655(5)
:7(5)6(5)755
:7(5)67(5)55
:767(5)55(5)

:5(5)5 x 5555
:6(5)55 x 5(5)5
:5(5)65 x 5(5)5
:7((5)5)5 x 5(5)5
:6((5)5)6 x 5(5)5
:5((5)6)6 x 5(5)5
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1I. D=-irreducible configurations (21)

Proof of D- -
frreducibility ~ l-=reducible?

6:565 int, triad no C*-reducible
7:5655 int, triad . : yes’
. 7:¢565(5)5 int. triad ves’
7:5665 int. triad no not C-reducible¥*
8:56555 ' © int. triad yés
8:55655 Figure 47 yes
7:56565 Figure 47 no . C-reducible but not
5:66666 Figure 47 ves \C*- reducible
-7:57(5)55 int. triad yes
7:6(5)655 Figure 47 yes
7:6(5)565 int. triad yes
7:5(5)665 int, triad yes
8:565(5)55 int, triad yes
8:5655(5)5 int, triad yes
_5:7(5)7655 int. triad ves
7:5(5)6565 Figure 47 yes
7:5(5)66(5)5 Figure 47 yes
6:6(5)75(5)5 int. triad yes
7:565 x 5(5)5 - replacement no C=ir reducible;
6:6(5)6x5(5)5 replacement no l-irreducibility
: follows from that
: of 6:565 -
5
/5{' "Gf;5\ replacement no not C-reducible*

-5

#In the early version of their paper, Allaire and Swart do not
guarantee that they have tested all possible reducers. Therefore, these
agsgertions of C-irreducibility should be taken as experimental obser-
vations rather than as theorems.




IV. REDUCIBILIIY AND VALUE .

The value of a configuration is the number of boundary vertices

minus the number of interior vertices.

Examples of value., The Peﬁtagon has value 4, The Triad has
value 3. The Shimamoto Horseshoe {figure 73) has value 6.

Let v(A) represent the value of A,

Triad Horseshoe

Figure -73

Making a 2-extension does not change the value of a configuration.
m?Hore generally:
Lemma 1. If B is obtained from A by a k-extension, then
v(B) = v(a) + (k-2) .
Proof: A k-~extension adds k new boundary vertices, and converts
one bound;iy vertex into an interior vértex. /!
Lemma 2. If B contaiﬁs an a-fold, m—lggger articulation point,

and the ﬂngs are w1’|v0|wn ? then

v(B) = (v(ﬂi) -3+ .0+ (VML) -3+ m-1),
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Proof: See figure 74, The number of boundary vertices of B is
the total number of boundary vertices of the wings, minus 3 for each
wing, plus m. The number of interior vertices of B is the total number

of interior vertices in the wings, plus 1 (the articulation point it-

&, 3

Figure 74 '“?igﬂfé'?S

Lemma 3. If B contains an interior image of A, and the wings

are WJ-’ LI ,Wn [ then

n,
v(B) = v(A) + ] (@) - 3) .
i=1

Proof: See figure 75. B has as many interior vertices as A
and Wy,...,W, combined, and also as many boundary vertices as A and
WiseoosW, combined minus 3 for each wing. (If 4 boundary vertices of
Wj are in the image of A, then one boundary vertex of A appears twice
in 3.)// |

Lemma 4. If B is obtained from C by replacing a boundary

vertex of C with a copy of A, then

v(B) = vw(C) + v(A) - & .
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Proof: B has as many interior vertices as C and A combined,

and 4 fewer boundary vertices. [/

" Figure 76

‘ﬁe can already state thé main result of this chapter:

Theorem 7. If M is a minimal five~color map, there is a
configuration having value less than 3, which may be imbedded in the
third neighborhood of some vertex of M. . |

 (The imbedding may be improper.)

The significance of this theorem is that low wvalues are related
to D-reducibility. We will describe this relationship in the first half
of the chapter, and defer the proof of the theorem until the second half.,

Reducibility and extensions. As we have seen, a 2-extension

does not affe;t either tﬁe value of a configuration or its D~reducibility.
Intuitively, a l-extension tends fo make a configﬁrafion "more reducible,”
while higher-order extensions make it "less reducible."

Suppose that A, a configuration having value v, is obtained from
a Pentagon by making a series of extgnsions, say n of them. From Lemﬁa

1 we can derive the average order of the extensions, which is 2 +'2§£ .
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If v is less thﬁn 4, the average order of the extensions s less than
2, and intuitively, A ought to be reducible.

This intuition iz supported by twoe more concrete arguments, based
on geographical goodness, and constructibiliity.

Geographically good_ configgraﬁions. A configuration 1s geo-

-graphically good (GG) if it contains no 4~ (or more-) leggers. Equi-
valently, it cannot be obtained from a smaller configuration by a 2-
extension (or higher order), and it does not contain an articulation
point, except possibly 2- or 3-legger artiéulation points.
Geographical goodness is useful as a first apprﬁﬁimation to

reducibility. It is likely that every minimal reducifle configuration
is GG (ﬁﬁis is at least true for D-reducibility, mainly because of the
Z-exﬁension theorem). The converse, that GG configurations tend to be
reducible, holds only very roughly. The most conspicuous exceptions are:
(1) the triad,
(2) some configurations with afticulatioﬁ points

(some researchers define GG to exclude some or

all articulation points, thus producing a |

closer approximation to reducibility), and
(3) -GG configurations with interior triads. See
‘ figure 77. These must be D-irreducible by the

interior triad theorem, but many of them,

especially tﬁoserwith low values, turn out to

be C*-reducible, The last two ekamples in

figure 77 are the first knowm examples of GG

configurations, without articulation points,
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other than the Triad, which are C*-irreducible.

(See Chapter ITI, Pigures 62-65.) Both have

value 6.
| /ﬂ o<t
b \ 7 — /Nt~
N /NS \ —p -
S L5 —7 — /N7 5—g —5

Figure 77. GE configurations with inteérior triads

The following result is important in spite of the distance

between éé gnd reducibility,

Result of Appel and Haken, There is a finite list of GG con-
figurationa such that every map contains one of them.

Appel aﬁd Haken are compiling, by computer, an explicit list

consisting‘of several thousand specific configurations. To show that
every map contains a configuration from the list, they use "discharging"
methods, gimilar to those used to show that every map with fewer than
some”stated number of vertices may be four-colored.
| Theérém 7 leads directly to an improvement of ﬁhe above result.
M. Every configuration with value less than 3 contains a
: GG'cnnfiguration with vaiue less than 3,

Proof: Let A be a minimal counterexample. Since A is mot GG,

it must be obtainable by a 2-extension (or higherrorder), or contain a

4~ (or more~) legger articulation ﬁoint.




69

In the first case, remove the extensien. The result is a sub-
configuration of A, whose value may . nat eééeedithat,of'A (Témna 1); so
it contains a GG configuration with value less than 3.

In the second case, ane of the wings must have value less than
3 (Lemma 2), so must contain a GG configuration with value less than

3.1/

of GG configurations such that every minimal five-color map contains one
of them. Each configuration on the list has value less than 3, and is
small enough to be imbedded in the third neighborhood of a vertex.

Proof: In proving Theorem 7 we will show that the configuration
which it‘asserts can be imbedded in M may be chosen so that it has no
interior vertex of valence greater than 30.. There are only:fiﬁitely
many configurations meeting this requirement which are small enoﬁgh to
fit within a Fhird neighborhood. Of those with value less than 3, each
contains a GG configuration whose value is also less than 3, and these
comprise the list called for in the corollary. //

The Triad, which is on Appel and Haken's list, is not on ours.
Unfortunately, ours still contains a few configurations which are known
not to be reducible. Also, Appel and Haken define GG so as to exclude
three—leggeriarticulation points, a refinement not permitted by our
methods qnless we replace the value 3 in the corollary with 4, which
would admit the Triad to our list,

Constructibility. If ¢ is a class of cénfigurations, and A is a

conftgurétion, we say that A 18 constructible from C if
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T (1) AeC, . or
(2). A is obtained by.replacing a boundary vertex
of B with a copj‘of C, and B and C are comstruc—
tible from C, or
(3) A contains an intertor image of B, and B and
all of the wings are Cdnstrucﬁible'from C.

(This definition is not really circular, since the construc-
tibility of A is made to depend on the constructibility of smaller
configurations only.)

The irreducibility theorems may be summari;ed by sayiﬁg that if
¢ is a class of D-irreducible configurations, then any configuration
which is constructible from C is also D-irreducible. Furthermore, if
none of the configurations of contain'D—re@ucible Sgbcpnfigurations,
the same can be said of the configurations which are constructible
from C.

V If A is constructible from the class coﬁsisting of the Pentagon

and the Triad,'we say simply that A is constructible. Every construc;

tible cunfiguration is D-irreducible (and free of D-reducible sub~
configurationé); and furthefmére, nearly every configuration which is
known to be D-irreducible (and free of D-reducible subconfigurationé)
is constructible. In fact, the only exception we have seen so far
(there are others) is the Shimamoto Horseshoe. Among large configur-
ationé:lthere is a large middle ground for which D-reducibility is
unresolved, but it is still aggood rule that non-constructible con-
figurations tend to be D-reducible. The lower the values, the better

the rule.
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Theorem 8. Let ¢ be. the class of configurations having value
at least 4, If A is not in ¢, then A'#s pot constructible.from C.

Proof: If A is the smallest countereiample, then A must be

obtained form configurations having value at least 4, using.one of the
- processes listed in the definftion of constructibility., One of lemmas
3 and 4 must apply, and in either case, it is clear that v(A)>4./[/

One way to interpret Theorem 8 is that if a pefSon chooses to
believe that all configurations with value less than 4 areanreducible.
(or have D-reducible subconfigurations), then we cannot prove him wrong
using the irreducibility theorems. Unfortunately, the D-irreducibility
of the Triad (value 3) destroys this conjecture. In view of theorem
7, it would be nice 1f Theorem 8 could be proved with value "3" in
place of "4"; it would then follow that configurations with value less
than 3 are not constructible, and every minimal five-color map woﬁld
contain a non-constructible configuration. But this will not work either,
since it is possible for configurations vith value less than 3 to be
constructed from Tfiads.

Examples: A configuration of the typé shown in figure 78 is
constructible, but can have arbitrarily small value - specifically,
(4-k) where k is ﬁhe number of Triads it contains. A gonfiguration
such as that in figure 79 contains nc Triads, but is Still'conétructible
from Triads, and its value is (4-k) where k is the number of its 6-
vertié;s.

Note: The word "comstructible" was introduced by Frank Bernhart..
His term “S-constructible" means the same as our “constructible (from
the Pentagon and Triad)", except that part (Bj'is'aﬁitted from the

definition. This sacrifiees the strong correlation with D-reducibility,
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put provides a tolerable approximation to C*~reducibility, which is

his concern.

5 § g
1 25-57 4 i >5
5 5 5 .
\‘f 5'/ Y 5 /5'\ /5-
NN &/
12 5~5 16l AN
/5’ \b‘ 5 \5 \5 5
5
501
N5
Figure 78 ' "Figgre'79

Constructible configurations with arbitrarily small value -

Also note: A few speclalized constructions havg been discovered
or producing D-irreducible configurations which are not merely special
ases of the theorems in Chapter II. Among these are Bernhart's "triple
usion" (applicable; for example, to the configuration in figure 80,
hich has value 9) and a process derived from Shimamoto's "second con-
truction," which produced the Horseshoe. Fach of these applies only to
few large, high-valued configurations, and if they.were all included
-our definition-df constructibility, Theorem 8 would still hoid.

To §ummarize our philosophical arguments: most reasonably
small configurations with value less than 3 are D-reducible because
(1) they may be oﬁtainable from Pentagons by

a serles of extensions having average order

less than 2, | |
(2) they contain GG configurations which also

have value less than 3, and
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(3) they are not constructible, except from
other configurations having value 3or
leas.

We can now begin the proof of Theorem 7.

\
g/ Mg -
-
/ L1
5\7c~}f:)?"
~
‘N5

Figure 80. D-irreducible

!Values of neighborhedds, For configurations which appear in maps
as the second ofrthird neighborhoods of_vertiées, thefe is an alternate
formulation of value, in terms of the charges of the vertices in the
‘neighborhood. By\the charge on a vertex v, which we denote by c(v) ,
we mean é less than the valence, (This is the negative of the usual
definition.)

lLet v be a vertex in a minimal five-color map. Denote by Ry the
- subgraph of k-th neighbors of v(k = 1,2,...) and by m; the number of
k-th neighbors. We say that the k~th neighborhood is orderly 1f
RyseeesBy are all rings. If the k-th neighborhood of v is orderly,
then it is a configuratiom, its inclusion ig the map is a proper imbed-
ding, its boundary is precisely Ry , and its value is (my - my_j -
ceee —mg = 1)

In an ordetly nefghborhood, the edges joining Ry to Ry, divide

the reglon between these rings into trlangles, and there is one triangle
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for each edge in either ring. Therefore, the number of edges between

Ry and Ryq is (my + m4y) . This result holds whegevér Ry is a ring

and the "inner boundary" of Ry, is a ring; that is, even if there are
extraneous edges between vertices of Ry, .

Lemma . (second neighbarhabd'fdmﬁla): Let A be the second

neighborhood of a vertex in a minimal five-color map. If A is oi:derly,'
the value of A is given by
vA) = ] cv") + m -1,
V'ERl
Proof: The value of A is (my - my - 1) . To evaluate my , we
will calculate the sum 8 of the numbers of neighbors of the vertices
of Ry This 1s the sum of their wvalences,
S= ] (@) +6) = ] cG")+ém (1)
V'ERl . V'ERl
S can also be determined by counting the neighbors themselves.
Each v'eR; 1is a neighbor to two other first neighbors, and v itself
is a neighbor to all mj of them. The number of appearances ¢f second

neighbors as neighbors to vertices in R; is the number of edges between

Ry .and Ry, which is J_(ml + my) . Therefore

S"Zml +-I,n1+ (m1+m2) =ﬁ12+_4m1.- (2)

Combining equations (1) and (2) gives
my + Zunl = ‘E efvt)y + ﬁml
v €Ry

my = ."Z e(v?) + 21111 " (3)
v ER}. '
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go that the value of A is

mzf‘ml"l"‘ Z c(v'f‘)+m1—1. //

‘Lemma (third neighborheood formula for erderly neighborhoods). Let

A be the third neighborhood of a vertek'v in a minimal five-color map.
If A is orderly, its value is given by
va) = ] e(v') - 1. | (%)
- v'eER1U Ry '

Proof: The value of A is (my - my - mp - 1), Equation (3)
is still valid for my . This time we will determine mg by counting
the sum S of the valences of second neighbors,

s= ] (c(v;) +6)= J c(v') +6my. (5)
v'eRy v'eRy -

Alternativély, we count the neighbofs theméelveé. Each second
neighbor is itself a néighbor to two others. fhe number of appearances
of first neighbors as neighbors to vertices in Ry is (m) + ﬁz) s as
befbre; an@ the number of appearénces of third neighbors is (m2'+ m3) .
From this point of vé.e.w,

S = 2m2+ (m1+m2) + (m2+m3)
| =mq + 4m, + Wy . (6)

Combining equatioms (5) and (6) gives us the desired value.

-
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V'ERZ : )

my = ‘2 e(@') +2my - m ()
v'eRy :

1

I e) +my - 2my - 1

(m3 - my - my ~ 1)
: V‘€R2

I e+ (] cv') +2m3) - 2m -1
v"e:R2 ) v'eRy

= Z c(tv®) -1. //
v'eRy R,

~Tn the last lemma, suppose that A is a configuration, but is not
orderly, failing only by having‘some extraneous edges among the third
neighbors. Then Vthe above calculation is still wvalid for (m3 - my -
- ml;lj . However, this may not be the value of A, since some third
neighbors may be in the interior of A rather than oﬁ the boundary. If
x is the number of interior third neighbors, the value of A is given by
this version of the third neighborhood formula:
v(_A). = 3 e(v') -1 -2x . (8)
v'eR; Ry

Note: It is generally true in orderly neighborhoods, as in (7},

s | me= e b2y mmpep (k23).
v'eRy I

The formulas (which we will not:_use)' for the tgiués' of prde_rly k-th
neighborhoods, k = 4 or 5, are
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(k = 4) v = -} ctv") -~ 2my -1
V‘ERzu R3

(k = 5) vay =} c(ﬁ'} -2 § e@')-5m-1.
vieR3U Ry vieRy

The neighborhood formulas are useful for detérmining the values
of conf_igurations illustrated by stick figures. We can tell at a glance,
from the third neighborhood formula, that the configuration in figure
81 has value 3. The formulas may sometimes even be applied to con-
figurations which are not second or third neighborhoods, such as the
one in figure 82. Here the quickest way to find the value is to image
adding a 7-;vertex to the gap in the first neighborhood. This is a 2-
extension, so does not ohange the value; and by the second neigﬁborhood

formula, the value of the extended configuration is -7 + 10 - 1 = +2

~ .
6, \\‘“::‘ b ) \ /5
']-—.",..(l '\5
Figure 81 Figure 82

Imbedd g of neighborhoods in maps. For the rest of this chapter,

let M be'a minimal five—color map, v will always represent a vertex of

M, We k.uow that M has no vertex of valence less than 5, and we can also

rule out ce.rta:tn kinds of ri;ngs. A B:erhoff R JEE. is any ring of five

orﬁ .few*er vertices whose remeval would divide M into two' components of at

least two vertices each., A Bernhait Ring is any ring of six vertices,
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one of which is a 5-vertex, whose removal would divide M.into two.
components of at leaat four wertices each. It is“known that M may not
contain either a Birkhoff Ring or a Bernhart Ring.

lemma. The secondmeighborheod of v is orderly, and is a con-
figuration whose inclusion in M is a proper imbedding.

:Proof: There are several ways this_lemma'mighi fail, and each
would cause M to contain a Birkhoff Ring (or a vertex with valence
less than 5). For example, suppose there are two second neighbors of
v, gdjacent to each other but not adjacent to the same first neighbor.
Call them vy and v3. This would cause the second neighborhood not to
be orderly, or even not to be a configuration. But in this case, there
must be some first neighbor adjacent to ﬁl ,» say vy 3 and some first
neighbor adjacent to v,, say v;,. It is easy to see that vj, V3, V4,

vy, and (usually) v form a Birkhoff Ring. See figure 83. //

Figure 83

The same cannot be said of the third neighborhood. In’faét; the
thir; ﬁ&ighbophood'of v in M may fail to be a configuration. Intuitively,
tha‘third neighborhnod may fail to he "simply connected,” so it will Se
‘useful to have something iike a covering space. Wﬁ ﬁiil,dgfine a con—
figuration which can be imbédded'tn the'third néighborhobd of v, and

which illustrates its local properties,
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The abstract third peighborhood A of v is the largest configur-
 ation such that
(1) A is itself the third neighborhood of some
vertex v', and
(2) there is a loecal iseﬁorphi'sm i""f:‘A-rM mapping
v' onto v.

It f&llows from the definition and the previous lemma that f is
an isomorphism when restricted to the sec;nd neighborhood of v'. We
will use this isomorphism to identify the vertices in that second |
‘neighborhood withrtheir images in M, Thus, wé will refer to A as a
neighborhood of v. |

If the second neighborhood of v in A is the entire Interior of A,
we can conclude that A is orderly and that f£f:A-M is a (perhaps im-
propéi) imbedding of A in M. However, it is possible that A may contain
some third ﬁeighbors in its interior, One way this can'ﬁappen_is
iiluatrated.in figure.84. .In the figure, one.of_the.second neighbors
of ﬁ is a S-vertex and is in contact with exactly cne third neighbor,
which is also a 5-vertex. The third neighbor is ipterior to A. Because
df situations like this, we are adding some-new information by stating
the mnext lemma.

Lemma. In the above context, f£:A+M is an imbedding.

Proof: Any failure of this lemma ﬁould cause M to contain either
a Bi;khnff Ring or a Bernhart Ring, or a wvertex with valence less than
5. 11 |

(Remember that our definition of "imbedding" is non-standard;

see page 3,)
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We are now able to identify all of the intErior‘vertices'of A
with their images in M. We can classify the interior vertices as
follows:

(1) v itself

(2) first neighbors of v

(3) ‘inner" second neighbors, those in contact
with two first neighbors

(4) ‘“outer" second neighbors, those in contact
with only one first neighbor

(5) interior third neighbors

) By a tn_':tcal interior third neighbor, we mean an interior third
neighbor which is itself a 5-ve;:'tex, | and which is adjacent with three
second neighbors, Ihaving valences (in order) x, 5, y, with x<7 and
y<7. This is exactly the situation in figure 84, if the valences of
‘the vertices ma_rked by * do not exceed 7. All other interior third

ﬁeighbors are atypical.
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 Standard neighborhoeds.  We will now go one step farther from

the original neighborhood of v in M. The "standard neighborhood" of v
is a configuration which does not actually appear in M, but whose in- |
terior vertices are still roughly in correspondence with vertices near
v in M.

‘The standard neighborhood is obtained by a series of alterations
of the ahstract third neighborhood A. The procedure is easilest to
visualize in terms of stick figures, since we will be performing simple
operations on the interior of A, which involve more complicated oper-

ations oﬁ the boundary of A.

The standard neighborhood € of v is obtained from the abstract

third!neighborhood A by performing these operations on the interior of

(1) R;mcve all interior third neighbors,
_ 2 except typical ones.

(2) Remove any outer second meighbor with
valence greater than 7, and replace it
with a 7-vertex.

3) Rémove any inner second neighbor with a
valence greater than 8, and replacerit
with an 8-vertex. _ |

(4) _Remove any first neighbor with valence greater
éﬁin 9, ﬁogether with the outer second néighbors
which adjoin it. Replace the first neighbor
ﬁith.a Swvertek; and énclose,it with four outer
second naighbors. Of these four, the ones on

the end are 7-vertices 1f they adjoin interior
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third neighboxrs, and otherwise 6-vertices;
the middle two are a 6—verteﬁ'and a 7-vertex
(in either order).
Some examples 6f this construction appear in figures 85-86.
.The interior vertices of C, e#éept for the buter'secbnd:neighbors
- -added in the laast part of the comstruction, may still be idéntified
with verticea in the actual neighborhood of v in M, This correspoﬁ-
dence is ﬁot valence-preserving. Still, it makes seﬁse to ésk, givén
a vertex v' in M, whgther v' appears in the standard neighborhood of v,
and what its valence %s in the standard neighborhood:
(1) v appears in C with its original valence,
(2) If v' is a first neighbor of v, then v*
appears in C with its original valence,
but not exceeding 9. If the original
valence of v' exceeds 9, there are some
6- and 7-vertices in C which do not
correapond to vertices in M.
(3) If v' is an inner second neighbor@of v in
H, then v' appears in C with its 6riginal
.valence, but not exceeding 8.
(4) If v' is an outer second neighbor of v in M,
and is connected to v by a'firs; néighbor
having valence no greater than'ﬁ,‘tﬁen'f"
appears in C with its origiﬁél valencé, but

not exceeding 7.
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Abstract third neighborhood Standard neighborhood

(5) If v' is a typical interior third neighbor
in the abstract third neighborhood of v,
then it is also an interior third neighbor
in the standard neighborhood.

(6) This list accounts for all of the iﬁteriOr

vertices of C.

. The key fact #bout the construction of the standard neighborheod
ig that the replacement steps, done sequentially, are all 2-extensions,
and do not affect the value of the configuration; The replacements
are made only to enable us to measure the value of standard neighborhoods
wiih'the third neighborhood formula.. So, 1If we let B be the configuration
obtained by followiﬁg all of the "removal" steps of the construction,
iand none of the “replacement" steps, then B has the same value as C,
| Bu:‘B is a configuration which appears (perhaps impropegly) in M. This

leads to another lemma:
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Lemma: If the standard neighborhood of v has value less than
3, then there is a coufiguration with value less than 3 which can be
imbedded in the third neighborhood of v fn M, //

Theorem 7 will be proved, when we show that some vertex in M has

a standard neighborhood with value less than 3. We will do this by

computi-n_g the total value of the standard *neighbbrﬁoods of all -vertices
in M. Letting T be this total, and N the number of'veptices'in M, we
will show that T — 3N<0, and the theorem will follow.

T-3N= ) ) c(v')-l}-—ZX—BN
veM (v'eRjURy

= 7 )3 e(v') - 4N - 2% . 9
veM v'eRjVR, '

In each of these equations, X represents the total number of interior
- thir;d neighbors in all the standard neighborhoods in M. The ocuter sum
is taken over all vertices v in M, The inner s_um‘is taken over all
verfices v' which appear &s first or second neighbors in the standard
neighbqrhood of v; the ch._a:ge c(v') is to be meas_ure:_:} in the standard
neighborhood .

o We will evaluate the terms of (9) in terms of "incidence numbers."
If A is any configurétion, let mA be the nuinber of distinct imbeddings
of A in M. (When we use this notation, A is always small enough that
“:ﬁhbedding,“ "praper imheddi.ng,“. and "local isomorphism" all mean the
same thing.) For example, ®5.565 I1& the number of appearances in M
of the configuration in fi:gufe' 87. Becu#se_ of autoinorphi’sms of A, the
num__!ier of imbeddings mA may be some muitip_l_e of i:he.' ﬁumbei' of dis_tinct

"{mages" of A in M; thus, ms5.,55 1s six times the number of distinct
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5«5-5 Triads in M. 6

'Figure 87, 51665

We ‘may generalize by letting A stand for a set of similar con—

figurations. For example, we may write ‘A = 5:6H5 (H>10); then

my = W5.6a5 = M5:6,10,5 * ®5:6,11,5 * ®5:6,12,5 T
+ KN L]

+M5.6.13,5

In this context we reserve special meaning for the letters L and H: we
always assume that L<7 and H>10. Also, Y represents any valence,
without restrictien. |

When A is an extremely simple configuration, we emphasize- the
special case by using a different letter:

- n, =Wy | = pumber ¢f k-vertices in M (k_>__5)
'ij = my.p = number of j-k edges (if k # j)
BT T twice the number of k~k edges in M.

No;e that whether k =j or not, R4y is the number of appearances of
a a—vertex as a neighbor to a ic-vertex.

We can note several relationships among the incidence numbers:

"'jk = zkj (all j,k)

N =ng +ng+ny +ng+ ... (10)

~ (Recall that N is the total number of vertices of all valences)

12 = ng ~ ny - 2ng .-?_311'9 ,-‘-,ltnlb = e BN
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(A well-known consequence of Euler's Formula)

(Since kny is the total number of neighbors of k-vertices).

Counting. We will denote the sum in (9) by - J. To évaluate. ¥
we will not sum directly over v, but we will coﬁsider' each vertex v'
in M, and ask how much it contributes to } by its appearances in
RUR, for various vertices v. We will alse have to count the con-
tribution te Z from vertices in R;U Ry which do net correspond to
vertices in M. 7

Fifsi:: given v' in M, how often does it appear as a first
neiglibor in standard neighborhoods? Once for each neighb'car of vt . How
much -does it contribute to Z each time? TIts charge, measured in M, but
not more than +3, since as a first neighbér in a standard neighborhood
its valence is limited to 9. Thus, if-v‘ is a 5-vertex, its contri-
bution to Z 1s (5) (~1); if v' is a 7-vertex, its contribution is
(7) (+1), etc. Taking the sum over ail v'eM gives us this total
contribution to Z from first neighbors:

. A= —5#5 + 7ny + léng + 27ng + ] 3k (13)
\ k>10

Now how often does v' appeaf as an inner sééond néighbor in '
standard neighborhoods? Again, the number of times is equal to the
valc;nce of v'. Each time, v' contributes to Z its original charge,.
limited by +2. So the contribution to E from inner second neighbors
must be |

B = -5ng + 7ny + 16ng + 18ng + E>210 2kny Qs
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fiow many times does v' appear as an outer second neighbor in
standard neighborhoods? The answer depends on the valences df the
neighbors of v' . It is an outer second neighbor once for each 6-
ngighbor-of v', twice for each 7*ngi3hb°r; three times for each 8-
neighbor,.and four times for each 9-neighbox. Neighbors of higher
order should not be counted, because if v' appeared as a second neighbor
in the abstract third netghborhood of v through the intermediary of a
higher-order neighbor, it would be removed from the standard neighbor—
" hood of v.

1f we add this up for all 5-vertices v' , and multiply by -1,
the charge of a 5-vertex, we gét this contribution from 5-vertices
appeariﬁg as outer second neighbors:

Cg = = 25¢ = 2057 — 3%5g ~ 49.59 {15)

We can ignore the case of 6-vertices v', since their charge is
0. As outer second neighbors in standard neighborhoods, all other
vertices have charge +1. Thus, we have these additional contributions

from outer second neighbors:

(Each line contains only four terms, but thefe may be arbitrarily

my 1ines C7’ CB, CQ, 0103111 .)
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We still need to count the.contributionrfromAvertices‘v"in
standard neighborheoda which.do not correspon&.to.verticeS“in M; These
are thé outey seqond neighbors added in partr(4) of the construction of
standard neighborhoods.  Most of them are 6-vertices and can be ignored.
There la one 7-vertex, contributing a charge &f +1, for each time the
_ construction occurs, which is once for each first neighbor of any vertex
having valence greater than 9. Thus the contribution
Dy = ) kg eb))
k> 10

There is also a 7-vertex for each of these new outer second

neighbors which adjoins a typical interior third neighbor. On in-

spection we can see that this contribution is exactly

D2 = ®5:musL (18)

(Re.met;iber‘ BE>10 and L<7. This incidence number counts the configur-
ation appgaring-in figure 88, Each time this configuration occurs, we
find the vertex indicated by v in the figure, In the standard neigh-
borhood of v, the top 5-vertex is a typical interior third neighbor,

and the leftmost L-vertex in the figure, an outer second neighbor,

adjoins 1it.)
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Before sumafizi_ng the contributions toz , we will evaluate X.
How many interier third neighbors are there in standard neighborhoods?
On inspection of figure 89 we see that the answer isr twice the number.
of images of- the configuration S:LSL.- Because of symmetries, ms.15L
is four times the number of such images. Therefore,

2X = mg, 57, . (19}
Vo

v

Figure 89

We can now add the contributions in (13) thrbugh (19) to obtain

a horrendous formula for T-3N if-terms of incidence numbers.

T-3N=(A+B+ J Cg+Dy+Dy) ~ &N - 2% )
k35

~

-

=-5ng  +i7ny + 16ng + 27ng + J§  Jkmy

k>10

~5n5  + 7ng + léng + 18ng + }  2knoy
k>10 '
(20}

kg ~ 245y ~ 3hsg ~ Alsg
g T 2877 t 3hgg T 4lgg

+igg + 2287. + 3%gg + Ggg
k10 B

- 4ng - 4ng ~ 4ny = bng - bng - ) bmy
3 (3] 7 _ 8 Tig k§}0 J

= Wg,L5L *




Rearranging freely, we obtain

T - 3K = & léng = 4ng + 10ny + 28ng + 4lng + } (6k-4)m

k>10
+ (h5g + Rgg + 296 + ) = 2855 = Lgg
+ 20y gy + 2y ¥ e ) - A5y 206 o
+33(gg + Rgg * Ayg * ees ) m 6Rgo = 30y
+ 4Qlgg + Lgg t Agg F e ) - Blgg - bogq

+ 0L ogrsL T B5:L5L ¢
Now use the identity (12) to replace the terms in parentheses.

They beédme 6ng, 14ﬁ7, 24ng, and 36ng . Therefore

T - 3N = - léng + 2ng + 24ny + S2ng + 77ng + ] (6k-4)my
k10

2E56 - 4257 - 6258 - 8%59

(22)
- fRgp — 2!-67 - 32’68 - 42’69 ’
+ B5.p5L ~ ®5:L5L
The identity (11) can be multiplied by 26, and turned into an
"~ inequality: ‘ _
: 0 < 26n; - 26n, - 52ng - 78ng - ]  26(k-6)my
k>10
which can be added to (22) to give
T - 3K < + 12n. + 2n, - 2n ~ng - ). (20k-152)n
3 6 7 ? k>10 k
- g - bhgy - 6lgg ~ Blgg .

- kgg = 2hgy — g = bgg

+ Mg.gr5n T Bs5:L5L °
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Lemma. We may assume.that,.for 10<sk<30,

0.85(6k = 12)my = 6% ~ 3% » (24)

and that, for k >30,

05 (6K)my - 6% - 3% (25)

Proof: First assume 10<k<30., The result follows immediately
if we can show that, for each k—vertei',’ 6 times the number of 5-k edges
incident to it, plus 3 times the number~of 6-k edges incident to it,
does not exceed (6k-12). But if this were false, we would have'a
k-vertex with either (k-1) 5-neighbors, -or  (k-2) 5-neighbors and a
6-néighbof:, or: (k-3) 5-neighbors and three 6-neighbors. These are
configurations with values +1, +2, and +2 respectively (as can most
easily be determined by using the second neighborhood formula as in
fig;xre'-BZ). Therefore, should one of these configurations 6ccur, the
th;aorem,is proved alrea&y. |

"This reasoﬁ:l.ng would alse apply to values of k greater than 30,
except that we would like to avold using configurations whose vertices
‘have such high valences. Still, the second :Lneciuality in the lemma
1; obvious, It becomes an equality only if each k-vertex is surroﬁnded
by 5-vertices. //

Lemma, 0%~ 2ng - %¢ + Y56 + 28, + 3%gg + 329 + 3%, 10

+ ...+ 1’“5*35?55 . (26)

Proof: As in the previous lemma, we group each 6-vertex with
the edges incident to ft, We will group each occurrance of the con-
ufigurat:ion 6:55755 with its included 6-veri:ex. Let v be a 6-vertex.

Let xk(k = 5,.,.) be the sumber of k-nelghbors of v, and let "6 255755
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be the number of imbeddings of 6:55755 which involve v. .We will show

that .
0_.<_—2rx5+-x6+217+3XB+3X9+3X10+

‘i‘ et + 1/2’!6:55755 (27)

and the lemma will follot by adding up the corresponding inequalities
for all 6-vertices in M.
Two cautions are necessary. First, each 6-6 edge is counted

in two groupings; but this is appropriate, since ise is twice the
aumber of 6-6 edges. Second, 6:55753 contains an internal symmetry,
soc that Xg.55755 1s always elther 0, or 2, or 4.

q Tq_érove (27) we have to consider all possible neighborhoods of
v. These are done in figure 90.- Some are reducible, and may be ignored;
in all of the others, (27) holds.

| (In the figure, Z represents the right side of (27). Cases
are omitted which so resemble other cases as to be redundant.) /[ -

Proof: Each 7-vertex may be included in only one image
(i.e., two imbeddings) of 6:55755. If it were involved in two images,
one of the configurations in figﬁre 91 would appear in M; and these

contain tﬁé reducible configurations 5:556(5)76 and 7:5565 respec~

t;vely.ll
| 5—"' 5" 7 ; o
% 55 —=—5—5
[ ?\\@ N4
POl ININIS
-:54/ Ng 5'-5’_ 5 =9



+ 85,155,

Proof: This time we will group the objects being counted around
the S—verticesf Given a 5-vertex v, let xk_Be'the numberfof k-neighbors
of v, and let IKSLLSL (etc.) be the number of imbeddings of Xs,151 (etc.)
which include v as the central Severtex. We show that for each v,

0 < -'12 + 3xg + 4xy; + bxg + 6xg + 6x10 +oeen
(30)

+ Xg.151 ~ *s5:usn T *5:5H557

-- and the result follows.

Neighborhoods of S-vertices appear in figure 92. It is pretended
that the only possible neighbors of the 5-vertex are 5-, 6-, 7-, and
10 vertices, since replacing any other neighbor with a 10-neighbor
could-not increase the sum in (30).

Each neighborhood is found either to be reducibie, or to satisfy
- (30). /!

Lemma. 0 < - Mg . 5H557 + ny (31)

Proof: Each 7-vertex may be included in only one image of
 5:5H557. Otherwise the reducible configuration 7:5555 would occur. //
Adding inequalities (23), (24) and (25) for. all values of k,

(26), (28), (29), and (31) gives

30 '
T - 3N % - ng - - [ Q4k-140)my - 1 (14k-152)n
k=10 %>30 (32)

-2!..'59 - 2‘69' .



1) 'Reducible configurations:
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3) Cases with xg = 2 (non-consecutive 5-neighbor):
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4) Cases with xg = 2 {consecutive 5-neighbors):

_ - " S -5
/ / \ PR A /5"\ i0
~ s, ~ .7 : o
7 10
Xg = 2 ' xg = 2 Xg = 2
‘x7=1 X10=1 x10=1
%5:L5%, 4 X5.150" 4 *5:L5L"_%)
‘ E5:HLSL X5:HL5L
=42 T = 1

In all cases with xg<1,I is at least +3.

Figure 92
{continued)
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Clesrly this implies that T - 3N<0, and Theorem 7 is proved. [/

There remains a detail necessary for the corollary to Theorem
"7, as stated on page 69: we must show that -the configuration claimed
by Theorem 7 may be chosen with no vexteﬁ of wvalence greafer:than 30.
It will sgffice that some standard neighborhood containing no vertex
of valence greater than 30 has value less than 3..

(Actually, a much smaller number could be used here in place of
30. The proof below will apply without change if the valence 21 is
used, and more careful arguments culd justify a still smaller number.
But the exact value of the upper bound does not matter, gince it is
too!large to be practical in any case; only the fact that there is
an upper bound is important.)

The only vertex in a standard neighborhood which could have such
a large valence is the central one. Let T' be thg total wvalue of
stan@ard,neighborhoods of vertices having valence not greater than 30,
#nd let ﬁ' be the number of such vertices. We will show that
T' - 3N'"<0 .

Lemma. A vertex v of valence k=;30 cannot have a standard
" neighborhood with value less than -4k-1 .

Proof: Aséume that v has k first neighbors and k second neighbors,
each of valence 5, and that for each second neighbor, there is an
interior third neighbor. These assumptions are inconsistent, but
ciearly'establtsh.a lower bound for the value of the standard neigh-

' “borhood, which according to the third neighbdrﬁdod formula; is

“4k=1. 1/
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It follows from the lemma .that -

@ -T2 ¢ bk-1E-N)

or

(T* - T) < (+4k + 1)Q - NY) (33)

~ Since _
o - Nl) = Z ny (34)

k>30
we also have : _ ,
(T -T) < GFék+1) | n . (35)
k>30

We repeat the inequality (32), dropping some irrelevant terms:

(T - 30) < - ] (14k - 152)my (36)
k>30

Muleiply (34) by 3 and add the result to (35) and (36):

3N -3N'= [ 3n (37)
k>30

T' - 3"« } (- 7k + 153)ny : (38)
k>30

and since 7k >153 for k> 30, this means that T'"<3N' and the last

detail is finished. //
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APPENDIX

"rhe Four-Color Theorem for Small Maps"

This article is presented exactly as submitted to the Journal

of Coibinatorial Theory (Series B) where it is scheduled to appear in

nid-1975. Its only theorem is that every map with fewer than 52
vertices may be four—colored.

Althoug_h the article is self-contained, its idea is closely
related to that of Chapter Tv. Tt contains a definition of "yalue" -—
in fact, two definitions —— and it is worth showing the connection

between these and the definition in Chaptef Iv.

lLet v be a vertex in a map, and let the immediate neighborhood
ofkv‘be the configuration containing in its interior v, and those first
néighbbrs'of v having valence less than 8. 1In the first part of "Small
Maps,” the "yalue of v"' is defined, roughly, to be the Chapter IV-value
of the immediate neighborhood of v. (This definition is exactly equi-
valent if v does not have consecutive neighbors of valence at least 8.)
) Later in the article a number of adjustments are made to the
"valué of v." These are mostly arbitrary, but they still have a.common
theme: generally, the value of v is decreased only if v has another

ineighborhood, slightly larger than the immediate neighborhood but with

a smaller Chapter IV-value.
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ABSTRACT:

Any map with fewer than 52 vertices contains a "reducible
configuration;" therefore, any such map may be vertex—colored in four
colors., This is proved by defining the "value" of each vertex, according

to the valences of its neighbors, in such a way that low values lead to

reduciﬁle configurations, and high values lead to large maps.
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THE FOUR-COLOR THEOREM FOR SMALL MAPS

The four-color conjecture is true for all maps of fewer than 52
regions. To prove tﬁis, ﬁe will show that évery such map contains a re-
ducible configuration; that is, one which is kndwn not to exist in a
minimal five-color map.

At this writing, the last published result of this type was for
maps of fewer than 40 regions, amnounced By Ore and Stemple in 1968.
Since then, the number has been raized to 45 by this author, and to
48 by Jean Mayer. The force behind these increases has been the dis-
covery of new reducible configurations, especially by H. Heesch,

F. Bernhart, and Mayer.

Several new reductions have been discovered recently by F. Allaire
and E. R. Swart; however, these reductions became avallable in time for
only minor revisions 4n this paper. The paper by Allaire and Swart
will appear in this Journal.

We will treat the problem in the dual form; that is, we will be
cbloring vertices. The four-color conjecture is that the vertices of
any planar graph may be colored, using four colors, so that neighboring
vertices have different colors. We will uéually be considering é minimal
c@ﬁnterexample,aOﬂmewill assume certain well-known properties of any
such map: (1) its faces are all triangles; (2) no vertex has valence
less than 5; and (3) there afe no minimal circuits of length less than
6 except those which surround single vertices.

We will describe configurations by a common shorthand involving
the valences of their vertices. For example, 15.66755" refers to a 5-

‘yertex, whose neighbors, in c¢yclical order, have valences 6, 6, 7, 3, 5.
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We also use-parentheses in the manner introduced by Ore and Stemple:
e.g., "5:6(5)6755" is the same Caniguration‘as before but with an
additional 5-vertex adjoining the two 6-vertices. Note that a con-
figurafiou may be described in different ways; e.g., 5:565 and 61555,
depending on which vertex we want to think of as the “ecenter", Examples
of this notatfon are shown in figure 1,

We will use the following symbols to represent undetermined

valences:

)
|

any valence

(minor) valemnce 5 or 6

@
I

greater than 5

=
i

(major) valence greater than 6

E - eight or greater

The first neighborhood of a vertex consists of the vertex and

its neighbors. The charge on a vertex is six less than its valence.
Charges are sometimes easier to discuss than valences, gince the total
charge in every map is -12, and hence the average charge is close to
zero. (This is a result of Euler's Formula. Our defintfion of charge

is the negative of the usual definition.)

‘ For the béckground of reducible configurations, see, for example,
0¥e's book [1]. For our purposes, a reducible configuration is one
which cannot appear in a map which is minimal counterexample to the four-
color conjecture. The reductions used in this paper, including the new
ones, are listed in a brief appendix.

Td introduce the-method of this paper, we will apply it to a

 siﬁp1er case: that of graphs of less than 28 vertices.




§1, The Theorem for Graphs of Fewer Than 28 Vertices

Given a map with fewer than 28 vertices, we will show that it
contains a reducible configuratioen.

First, define the value of a vertex to be the sum of the charges
of its néighbors, except that neighbors of wvalence greater than 7 will
be counted‘as having charge +1. (The term "value" will be given a new
definition when we develop the proof fér larger maps.)

It is easy to compute the totai value 6f all the vertices in
the map. For example, a 5-vertex is a neighbor to exactly five vertices,
and has charge -1, so it contributes -5 to the total. If V is the total

value, and ny is the numbers of k-vertices in the map, we find that
V=-5n5 +7n7+8n8+9n9+... . (l)
By Euler's Formula we can show that
and from our assumption about the size of our map we know that
-84 < - 3115 - 3n6 - 3n-] - 3n8 - 3119 ~ese ¥ (3)
Adding formulae (1), (2), and (3), we get
v<-1n5"3n6_3n7"9n8“'15n9 “ees o (4)

It follows that our map contains a 5-vertex of value less than
_ —1, or a 6-vertex of walue less than -3, or a 7-vertex of value less
than -3. (It is impossible to have an 8-vertex of value less than -9,

etc.)




But all such structures include well-known reducible configur-

ations -- in fact, one of the followlng must be present:

5:555 6:565
5:565 7:5555
5:55666 7:5655

Any 7-vertex surrounded by three 6-vertices and four 5-vertices.
(Cne of these, 7:5655, is not really well-kmown; it is recent, due to
Frank Bernhart. For this particular application, 7:556535 would
suffice.)

For example, see figure 2, which shows the ways that a 5-vertex
can have value -2.

Since our map contains a reduction, it can't be a ninimal S-celor
map. We have therefore proved the four-color theorem for maps of fewer

than 28 vertices.

§2. Introduction to the Full Proof

We will now extend the result to maps of fewer than 52 vertices.
We will use a different definition of the value of a vertex, and the

survey of neighborhoods will take longer, but otherwise the pattern

-of the proof is identical to the short proof in the last section.

In general we will make a great many adjustments to the definition

of value, but we will still preserve our formula for the total velue in

¢

our map:

V = -5ng + 7oy + 8ng + 9ng + .0 o &Y
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5:6(5)6755 5:565
6:555

Figure 2. S-vertices ‘with yalue =2




Our use of Fuler's Formula will be

78 = 6 1/2n5 -6 1/2ny = 13ng - 19 1/2ng = ««n (5)
and we will consider maps of fewer than 52 vertices; that is, maps
whichrsatisfy |

-78 < - 11/2ng ~ 1 1/2ng =1 1/2ny - 1 1/2ng -

‘-11,2119"'-'- . (6)
We will add formulae (1), (5), and (6) to obtain
v < -1 1/2n6 - 1iny - 6 1/2ng - 12ng =¢.« (7)

It follows that somewhere in our map is a krverfex with value
leés than the coefficient of'nk in formula (7). We will finally show
(by an exhsustive survey of possible first neighborhoods) that any such
vertex has in its vicinity a reducible configuration.

The result will be the following theorem.

| Theorem: Any map with fewer than 52 vertices contains a
. reducible co;figuration. Therefore, the four-color conjecture holds

for all such maps.

§3, The Value of a Vertex

In this section we will define the value of a vertex in our map,
1llustrate it by some examples, and show that the total value of all
the vertices in the map is given by formula (1). Our definition is
highly unnatural, many complicated provisidns having been contrived to

help with the difficult cases in the sebsequent analysis.
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The value of a vertex begins with the basic definition from

§1, and is then increased or decreased according to the valences of
other vertices in the vieinity.

Definition: The value of a vertex is the sum of the charges of
its neighbors, except that neighbors with valence greater than 7 are
counted as having charge +1, and

| a) for each time a configuration illustrated'ig
figure 3a appears in the map, the value of the
vertex at the base of each arrow is decreased
by 1, and that of the vertex at the point of each
; § arrow is increased by 1; and

b) for each time a configuration illustrated in

figure 3b appears in the map, the values of the
vertices indicated by the arrows are increased
or decreased by 1/4. (1If a major vertex has
three consecutive 6—neighbors,_diagram 12 is

allowed to apply twice to the séme 6-M edge.)

Figure &4 gives some examples of vertices and their values.
It is clear that the sum of the values in the map is determined

-entirely by the first paragraph of the definition; that none éf.thé

diagrams which follow it can change the total, Therefore the total is

still given by formula (1).

| The purpose of the diagrams is to shift value from vertices
“ with a "surplus" to those which are more in need. We are trying to
.show tﬁat neighborhoeds with low values produce reductioﬁs; this task
~ is eased if we shift value from neighborhoods which ave likely to con=-

tain reductions, to neighborhoods which are not. For example, 5~5-5




triads tend to generate more low values than reductions, so we have

introduced diagrams 3 through 8, and also diagram 9, to shift values
toward these triads,

On the.other hand, a vertex with consecutive major neighbbrs
tends to have surplus value, Diagram 1 shifts this surplus to the major
neighbors themselves. One effect is that a series of major neighbofé

to a given vertex contribute only +1 to the value of that vertex.

£4, Survey of Neighborhoods: 5- and 6-Vertices

We must now examine all possible neighborhoods, to show fhat
any &ertex which is not in (or pear) é reduciblelconfiguration.muét have
vélue at least equal to the corresponding coefficient in formula (7).
This snrvey'willAcomplete the preoof.

It will do no harm to underesti?ate the ﬁalue of a vertex, so
we wiii sometimes ignore diagrams which could increase the value of
a vertex, or assume that "negative" diagrams apply ﬁhen_they might not,

We begin with 5"verfices. We must show that, in the absence
of reductions, the walue of any 5-vertex v is at least 0,

‘Because of the reductions 5:555, 5:565, 5:5665, and 5:rmmmm ,
H;e know that, except for possibly one pair of consecutive aneighbors,
any two 5—neighbors_9f v ﬁgst be separated by an M-vertex. Hence the
charges of the neighbors must total at least -1, if v is in a 5-5-5 triad;
or 0, if it is not. This remains true when we take into account diagram

1, and count only +1 toward the value of v for each series of consecu-

tive M-neighbors.




*value = +1 *Fatue = 0 *value = -2 _ ‘ d
-2 (diagram #1) -1 (#1) -1/4 (#10) 11
+1 (#9) +1 1/2 (§#11) .f

- 0 = -1 = -3/4

Figure 4. Examples of vdlue



Now, if v is in a 5-5-5 triad, its value is increased to O by

exactly one of diagrams 3-9 (unless v has neighbors SSMEH; in which case
its value is alreédy 0). Here we make implicit use OfrtheTreduction
7:5555.

It remains only to check for diagrams (bther'than'l) which can
decrease.the value of v. There is only one — diagram 3,'which is so
specific that we can determine the value of any 5-vertex to which it '
applies. It must always be at least zero.

The case of a 6-vertex v is equally direct., We must show thaf
the value of v is at least -1 1/2. Now we have reductions 6:555,
6:565, 6:56665, 6:mmmmmm, and 615665 (the last being a recent addition
by-ﬁgrﬁhart) which again give us'the result that, except for consecutive
pairs.of S-neighbofs, any two 5-neighbors must be separated by an M-
neighbor, Hence the sum of the charges of the neighbors, even adjusting
for diagram 1, is at least zero, minus 1 for each consecutive pair of
5-neighbors. The value may also be reduced by diagrams 6 and 11 and
increased by diagram 10.

If there are two consecutive pairs of 5-neighbors, then diagram
10 applies twice, and diagrams 6 and ll‘do not. The value 6f v is
éXactly -1 1/2.

1f there is one consecutive pair of 5-neighbors, then diagram
6 may not apply (becuase of the reduction 7:5655). Diagfam 11 would
have to apply three times to v to bring its value below -1 1/2. There
is only one way for this teo happen, shown in figﬁre 5; and in this case,

the surfeit of major neighbors causes the value to be ~3/4 .
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Suppose there are no comsecutive pairs of 5-neighbors but
diagram 6 applies to V. Again, we have no problem unless diagram .1l
applies three times. There are four ways for this to occur (figure 6),
and in eagh, the value of v turns out to be -3/4. Diagram 6 may not
apply twice to the same 6-vertéx (figure 7), because of the reduction
7:6(5)655 (Allaire~Swart).

Without diagram 6 or a consecutive palr of 5-neighbors, v must

have value well above -1 1/2.

g5, 7-Vertices

The value of a 7-vertex v may be decreased by diagrams 1, 8, 9,
and 10, and increased by diaérams 1, 2, and 11l. ﬁe must show that in
the ébsence of reductions, the value of v is at least -1.

-Diagfém 10 may apply only once to a single 7~vertex (reductions:
7:5655 and 5:556(5)76). In.each case in which it appears, it turns out
that the value is still much greater than -1, or diagram 11 applies at
least once,_in effecf cancelling diagram 10, This fact requires
checking, but in most cases we will leave this to the readexr. Usually,
we will ignore thé effects d¢f diagrams 10 énd 11 on 7-vertices.

We will use the term "covered" to refer to any 5-neighbor which
is part of diagram 8 or 9. A 5-neighbor which is part of a series of
consecutive 5-neighbors cannot be covered. ' -

:.ﬂé can summarize the effect of diagrams 1, 2, 8, and 9 on the
value of v as follows: the value is the sum of +1 for each major
neighﬁor or series of major netghbors, +1 (additional) for each 7~

neighbor, +2 (additionai) for each E—neighbor, -1 for each uncovered
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5-neighbor, and -2 for each.covered S-neighbor,
We claassify the possible 7-neighborhecods by the number of 5-
neighbors. We will frequently use the reductions 7:5555 and 7:5655

without citation.

Case 1 - Five 5-neighbors. This can only occur if v has neigh-

bors 555M55M, in which case its value is at least -1,

Case 2 — Four 5-neighbors. Because of the reduction 7:566355

(Allaire-Swart), there must be at least two non—consecutive M-neighbors.

Therefore if the value of v is below -1, two of the 5—neighbors must

be covered. This can only oceur in the configuration shown in figure 8.
This contains a reduction, 6:5(5)5x5(5)5; and furthermore, each M-neigh-
bor must'actually be an E-neighbor (because of the reduction 7:5(5)755,
by Heesch). So (even with diagram 10) the value of v in this configur-

ation is at least -1/4.

There must be a major neighbor (by reductions of 7:5556666, Heesch,

“ and 7:56655, Allaire-Swart), so for the value to be less than -1, one

5~neighbor must be covered and there must be no major neighbors except
rfbr one 7-neighbor. The three possibilities are shown in figure 9. The
- first contains the reduction 7:5(5)755 (Heesch); the other two contain

the‘Allaire—Swart reduction 7:56655.

Case 4 = Three 5-neighbors, no two of them consecutive. This is

' the hardest case, and we will divide it inte subcases according to the

" number and arrangement &f major neighbors. First, 1f there are no major

'neighbors, we have 7:56565 which is reducible (Allaire-Swart). If there

- are three major neighbors, the value of v must be at least zero even
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"~ Figure 7 .

" Figure 8
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if all three S—ﬁeighhors are.covered, So there remain the cases of one
or two major neighbors.

Case 4a + Neighbors 565M566. The first and third 5-neighbors

cannot be covered, because of the reduction 7:5(5)665 (Allaire-Swart).
If the second S5-neighbor is not covered, the value of v is -1, If the
second 5-neighbor is covered but the M-neighbor is ndt a 7-neighbor, we
still have value -1, We are left with figure 10, which contéins the
Allaire-Swart reduction 5:7(5)7655.

Case &b - Neighbors 565656M or 56565MM. These include the

~ configuration 7:56565, which is reducible (Allaire-Swart).

Case 4c - Neighbors 565M5M6, The first 5-neighbor may not be

‘covered (reduction - 5:5567(5)6) and the second 5-neighbor may not be
éoveréd if the first M is to be a 7-neighbor (reduction - 5:7(5)7655,
Ailaire—Swart). Therefore the value may not be below zero.

Case 4d - Neighbors 565M56M. Because of the reduction

! 6:5(5)5%5(5)5, it is impossible for all three 5-neighbors to be
covereé. The worst that can ﬁappen i{s that two 5-neighbors are covered
and that the major neighbors are 7-neighbors (for example, figure 11).

_ The value of v would still be -1. But even this case is impossible,

" gince it contains the reduction 5:7(5)7655.

Case 4e — Neighbors 5SM5M566. There is no problem here unless

all three 5-neighbors are covered, but this is prevented by the re-

duction 7:5(5)665 (Allaire-Swart).

Case 5 - Two consecutive S-neighbors. If there are no major
neighbors, we have the reducible configuration 7:5566666. If there is
a major neighbor, then v has value at least 0, since neither 5-neighbor

may be covered.
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‘Case 6 - Two non-conseécutive S5-neighbors. If there is a major

neighbor, then both 5-nelghbors:must be covered to bring the value
below -1, Using the reductions 7:5(5)665 (Allaire-Swart) and
6:5(5)5x5(5)5, we may limit the possibilities-to the two shown in
figure 12. In each case, diagram 11 applies at least four timés and
diagram 10 does not apply at all; so v finally has value at least -1.

If the neighbors are 5665666, then neither 5-neighbor may be
covered because ¢f the reduction 7:5(5)665 (Allaire-Swart). Diagram
11 applies six times, so v has value -1/2.

If the neighbors are 5656666, then again the 5-neighbors are
not covere& (reduction: 7:5(5)656666; Mayer). The same reductiog
prevents diagram 10 from applying. Since diagram 11 applies six times,
v mist have value -1/2.

Cagse 7 - One or no 5-neighbors. If there is an M-neighbor,

or if there is not a covered 5-neighbor, v must have value at least -1.
The only remaining case is shown in figure 13, but this configuration

“-contains a reducible Errera Circuit.

§6. Vertices of Higher Valence

We leave the cases of vertices of higher valence to the reader.
They are theoretically easy, because of the extreme negative coefficients
attached to ng, Ng,... 1in formula (7). However, the case of 8-vertices
. is still'time-consuming because of the multiplici;y of cases and the
relative scarcity of known reductions involving high-order vertices.
The foilowing reductions are helpful for 8 vertices: 8:555x555, 8:55565,

8:55655 (Allaire-Swart), 8:555(5)5(6)6 (a new reduction by the author),
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6:6(5)5x5(5)5 (Bernhart), and several of Mayer's reductions,

§7. Potential for Related Results

We have used the assumption that a map has fewer than 52
vertices to prove that it contained a reducible configuration. This

assumptioﬁ'entered through equation (6), namely,

-78 < -1 1/2:15 -1 1/2n6 -1 1/2117"- 1 1/2ng

-1 1/2119 “eea a (6)

Nothing in the structure of the proof required that the coeffi-
ciegts in (6) be equal. By starting with a different linear relation
: in place of (6), we would finish with a different formula in place of
(7); but it might stiil be possible to define "value" in such a way that
the proof would go through. In this way we could prove a variety of
interesting results about the numbers N5, Ng, 07, .. in a minimal

five-color map.

§8. Appendix: The Reducible Configurations

The following are tﬁe reductions used. in this paper. The first
group can be found listed in the paper by Ore and Stemple [2]; the
o bibliography of that paper leads to their proofs. The second group have
 been pﬁblished by Heesch iﬁ-[3} and [4]. The third grodp appear in
) FrankrBernhart's fhesis [5], but at this writing, have not yet appeared
: in p:int, The next groups aré,by,Jean Mayer [6], [7], and by F. Allaire

- and E, R. Swart [8]. When the last paper appears, it will become the




123

best reference for 311 of the reductioms,

One new .reduction is a130'1isted: Its “reduced configuration"
is given in figure 14, which is drawn in the "face coloring" form,
meaning that a face in figure 14 corresponds to a verték anywhere élse
in ﬁhe paper. The shaded area in figure 14 is teo be collapsed into a

single face in the reduced configuratien.
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List of Reductions -

I. Cited by Ore and Stemple [2]
51555 6:56665
5:565 6:5(5)5x5(5)5
5:5665 6 : mmmyrmm
5 : unmmm 7:5555
5:556(5)76 7:5566666
6:565 8:5555655

7:(three 6-neighbors and four 5-neighbors)
Errera Circuits, such as 7:6(5)5(5)66666
Winn Circuits, such as 6:65(5)765(5)7
and 7:5567(5)566 -

11, Reductions by Heesch [31, [4]

7:5(5)755
7:5(5)757(5)5

III. Reductions by Bernhart [5]

6:5665
7:5655
6:6(5)5x5(5)5
IV, Reductions by Maver [6], [7]
_ 5:566(5)76
- 5:5667(5)6
v. Reductions by Allaire and Swart [8]
5:7(5)7655 7:5(5)665
. 7:56565 8:56555
- 7:6(5)655 8:55655
7:56655 : 8:555x555
vi. A new reduction (see figure 14)

8:555(5)5(6)6
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Figure 14. The reduced configurdtion
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